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PREFACK 



This work is intended for beginners, that is for 
those who have acquired some little familiarity with 
algebraical working, and know some elementary 
trigonometry. 

The method of interpreting geometry by analysis 
has been used throughout the first six chapters instead 
of the method, perhaps more logical, but certainly 
more difficult, of taking the equations, and interpret- 
ing them geometrically. 

This edition differs from the preceding in several 
important respects. 

It has been almost entirely re-written. New 
chapters have been added on focal properties of 
conies and on abridged notation and trilinear co- 
ordinates: the central conies are discussed together, 
and the chapter on the general equation has been 
enlarged. 

I have to thank the Rev W. Allen Whitworth 
for his kind permission, of which I have freely availed 
myself, to make use of his Modem Geometry in writ- 
ing the chapter on abridged notation and tnlinear 
coordinates. 



vi Preface, 

Many new examples hare been added to this 
edition: the exercises in the middle of the chap- 
ters are easy applications of the book-work: the 
examples at the end of each chapter are generally 
more difficidt : as in the first edition, many haye, by 
Mr Walton's kind permission, been selected from his 
Problems in Plome Coordinate Geometry: a consider- 
able number have been set in various examinations at 
Cambridge during the last six years. 

A list of Formube, which it is hoped will be con- 
venient for reference, will be found at the end of the 
book. 

CHABTlTBHOnSB, 

August, 1875. 
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Chapter L The Point. 

1. In Analytical Geometry we (MMinect the sciences of 
space and number; we determine eqnaticms which repre- 
sent certain well-known lines and carves, and deduce their 
geometrical properties from those equations; or, having 
given equations, we discuss the nature of the curves repre- 
sented by them. 

2. First it is necessary to shew how the relative dis- 
tances of points in a plane may be represented by alge- 
braical symbols. 
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Let O be any point in the plane : through O draw any 
straight Une XOX' of unlimited length, and draw YO T, 
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2 Analytical Geom^ry. 

'ilflo of nnlimited length, perpendkaUr to XOX'i in OX 
take any point M, and thrmigfa M draw a straigiit line 
parallel to YO Y'; it is eWdent that all points in this line 
are at the same distance OJf from TOT\ 

Let OS denote distance from YOY' by the symbol «; 
then all points in the line PMQ hare the same Talne of x^ 
and if we call that valoe a, the equation x=a is true for 
an points on that Una 

Similarly, if through any point N on YO Y' we draw 
RNP parallel to XOX\ ]dl points in this line are at the 
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same distance from XOX'\ and if we denote distance 
measured from XOX' by the symbol y, and ON^hy the 
equation ^=& is true for all points on RNP. 

At the point P, at which these lines intersect, x=a, 

3. If, however, we take points M\ N' on 0X\ O Y\ 
such that OM' = OM, ON' = ON, and through M\ N' 
draw straight lines parallel to YOY\ XOX' respectively, 
it would seem that at each of the points P, Q, -R, S^ where 
these 4 lines intersect, x-a^y-h'. it is necessary therefore 
to adopt some convention or rule to distinguish between 
these 4 points. 
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Let us suppose that all lines drawn in any definite di- 
rection are considered positive ; then those drawn in the 
opposite direction will be negative. 

Let all lines drawn to the right of YOY' parallel to 
XOX' be positive, then those to the left ¥dll be negative ; 
thus if OJf =0, 0M'= -a. 

Similarly, let lines drawn parallel to YO Y' above XOX' 
be positive, Uien those drawn below ¥rill be negative ; tlius if 
ON=h,ON'=-h. 

If then, as before, ^, y denote distance from YO Yy 
XOX' respectively, then at P, a!=ay y-b^ at Q, x-a, 
y= -6, at 22, x= -a, y=6, and at S, a?= -a, y= -6. 



4. Axes, Coordinates, System qf Coordinates, 

We can now explain what we mean when we speak of 
the coordinates of a point 

Let O be a fixed point 
in a plane XOY: XOX', 
YO Y' two straight lines in 
tliat plane at right angles to 
each other, P any point in 
the plane. 

Through P draw PM 
perpendicular to OX, cut- _ 
ting it in jAf ; then it is evi- 
dent that if OM, PM are 
known in magnitude and di- 
rection or sign, the position 
of P is completely deter- 
mined. 

OMS& obviously equal to the perpendicular from P on 
OF. 

OM, PM are called the coordinates of P, and are 
denoted by x, y respectively: is called the origin, OX 
the axis of x, since x is measured along it, O Y the axis 
of y, since y is measured parallel to it. 

\— 1 
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4 Analytical Oeometry. 

OMj PM are said to be the coordinates of P belonging 
to the system XO Y, 

The point P, whose coordinates are d?, y, is often called 
the point (ay): thus, a point, for whidi a=a, y=b, ia 
called the point (ab). 

When the point P is not completely determined, its coor- 
dinates are denoted by the variables a},y; af^f/; X, Y; &c. 
When the position of a point is completely known, the 
coordinates are generally denoted by the lotto's a^b; h,k; 
or by iCf y with sufiSxes such as o^, ^i; x^, y^ ; &c. 

Thus, if we want to determine the position of a point 
with reference to fixed points we shall use x^ y for the 
coordinates of the unknoum point, and a, 5; A, A;; x^^ y^; 
&a, for the known coordinates of the fixed points. 

A system of axes may be either rectangular or oblique ; 
that is, the angle YOX may be either a right angle, or an 
oblique angle. 

We shall, in future, always suppose the axes to be rect- 
angular, unless the contrary is stated. 

When the angle YOX is not a right angle, it is usually 
denoted by the symbol a>. 

The student is now recommended to take a piece of 
paper, and draw two straight lines on it at right angles 
to each other, to measure off distances from the point of 
intersection along these lines equal to ^inch, and draw 
straight lines parallel to the original lines from these points, 
thus dividing the paper into small squares; he will then be 
able to do the following exercise. 

Ex. 1. 1. Let 1 represent ^ inch ; indicate by a figure the 
relative positions of the following points : (3, 1), (2, 2), (4, 5), 
(3, - 1),( - 1, 3), (- 3, - 1), (0, 2), (0, - 3), (4, 0), (0, 4), ( - 2, 0), 
(0, 0). 

2. Take any lengths OAj OB along the axes of x and y re- 
spectively, let OA = a, OB=h; determine the position of the 
points (0, o), (0, 6), (a, 0), (a, 6), (-a, 6), (2a, -36), (-3a, 0), 
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5. Polar Coordinates, 

There is another kind of system of coordinates whidi is 
often nsefiiL Let O be, as before, a fixed pointy ADA a 
fixed straight line, P any point Join OP . 

It is evident that P is known in position if we know its 
distance from Oy and the langle that distance makes with 
OA. 

P 



A! 




Thus, if we denote the distance OP by r, and the angle 
POA by 6y the position of P is determined if r and 6 are 
known. 

r, 6 are called the polar coordinates of P ; O is called 
the pole^ OA the initial line, OP the radiiu vector qfP. 

. As in Trigonometry, the angle POA is considered 
positive when measured in the direction opposite to that 
of the order of figures on a watch, negative when in that 
direction. 

Ex. 2. Indicate by a figure the relative position of the 
following points, when a represents \ inch ; 

(a,0), (a, ^). (2a, sn ^aoos^:, l), (5a,tan-i|), 
T-Sa, ten-i|V (-a, 800), (a, 210®). 

6. Equation to a curve; Locus of an Equation. 

We will now explain how curves may be represented by 
indeterminate equations between the variables x, y, or r, B. 



6 Analytical Geometry, 

Let QPR be any curve, then as we pass along it from 
point to point, it is evident that we get at each point dif- 
ferent values of a? and y: that is, the values of x and p are 
not determined by saying that they belong to some point 
on the curve QPR. 




If however we take a particular point P on the curve 
such that X is of determinate value, the value of y becomes 
determinate also. There may, it is true, be more than one 
such value of y, but however many there are, they are 
determined by the fact of determining a. 

Hence for every curve there must be some determinate 
relation between ^ and y, which may be represented by an 
equation ; this equation is called the equation to the curve. 
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The carve is said to be the loctu of the points whose 
coordinates are connected by the equation, or, more shortly, 
the locus of the equation, because those pairs of yalues of 
w and y which simultaneously satisfy the equation, are the 
coordinates of any point on the cunra 

We shall hereafter determine the equations which belong 
to certain well-known lines and curves, and discuss the geo- 
metrical meaning of the indeterminate equations of the first 
and second degrees, namely 

Ax+By+C-0, 
and Aa^+Ba;y+Cy^+Dx+Ey+F=0. 

7. First, let us consider the meaning of equations in 
which only one of the variables a and y is involved. 

Suppose we have the equation a}=a; since the distance 
of all points represented by this equa:tion from the axis of 
y is constant, these points must fie on a straight line at 
that distance parallel to that axis: hence, or = a is the 
equation to a straight line parallel to the axis of y. 

Similarly, ^=&iB the equation to a straight line parallel 
to the axis of x. 

Next^ suppose we have the quadratic equation. 

Let Oi, Os, be the roots of this equation. 

Then for every point on the locus of this equation, either 
x=ai,OT x=a^, and therefore this point lies on one of the 
lines represented by the equations x=ai,x=a^. Similarly, 
since every equation involving one variable has as many 
roots as it has dimensions, it must represent a series of 
straight lines parallel to one of the axes, at distances from 
that axis equal to the different roots. 

8. We can often discover the shape of the locus of any 
equation by giving a series of values such as— 1, 0, 1, 2 &c. 
toxory and tracing the corresponding values of y or x. 



8 Anatt/Hcat Oeometry. 

For this pnrpose it ia necesgar; u before to take paper 
ruled in sqnaree. 

We will give some examples. 

(1) x=y. 

Oive X the Tolaea - 3, - 1, 0, 1, 2 is sncceasion, then we 
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Giye x the yalnes - 1, 0, 1, 2, 3, 4, 5, 6, then we get for sr, 
8, 6, 4, 2, 0, - 2, - 4, - 6. Hence by drawing lines as in the 
figure the points marked P lie on a straight line. 

(3) a!»+y»=16. 

Here, if either o^ or ^>16, the other variable becomes 




impossible: this shews that the whole figure lies within the 
square formed by the fonr lines x=4, ^=4, x= -4, y=s -4. 

Again, if P be a point in the figure Oif«+Pif"=OP«; 
.-. OPa= 16, OP =4. 

This shews that P must be a point on the circle whose 
centre is and radius 4. 

(4) y*=4x. 

Here if a; is negative y is impossible, no part of the curve 
therefore lies to the left of TOT'. 

For every value of x there are two equal and opposite 
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values of y : the curve therefore is divided into two exactly 
equal parts by the axis of x. 



J^ 



>^ 



/ 



/ 



I I 



,^'' 



^ 1 1 ». 
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N 
\ 



Y" 



Now give X the values 0, 1, 4, 9, 16, &c. in succession, 
then the values of y are 

0, ^% :t4, :k6, :k8, &C. 

As X increases y increases without limit. 

The dotted line in the figure will therefore represent the 
curve. 

Ex 8. 1. Give to x values from -4 to +4, and trace 
the following loci; 

y=2aj. 2y+x=0, x+y=6, | + | = 1» 



X ar' 



a5'+y*=4, icy=l, y*=T» T+y*= 



= 1. 



The Point. 
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2. Giye to y yalnes from to 6, and so trace the foUowiog 
loci; 

8y+4fl;=12, x + y=0, a5y + 4=0, a»-y«=4. 

8. (Hye values to d from to 2r, and so trace the follow* 
ingy where a= 1 inch ; 

r=a cos ^, rcos^=a, rcos^+2a=0. 

9. Since indetermmate equations represent lines or 
corves, if we take two such equations, the resulting deter- 
minate values of as and y will represent the point or points 
of intersection of those curves : indeed, the whole science 
of analytical geometry treats of the equations to loci, and 
the points resulting fh>m the intersection of two lod: thus 
the point (a, 5) may be considered as the intersection of 
the loci of the two equations ;p=a, y =6, which, as we have 
already seen, represent straight lines parallel to the axes. 

10. To find the distance qf any point from the origin 
in terms of the coordinates qfthat point, 





Let O be the origin, P the point whose distance OP is 
required, let the coordinates of P be x, y. 

First, let the axes be rectangular, 
then 0P«=0if2+Pibf«=««+y», 
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Secondly, let the axes be oblique; 

then OP2=03f« +PJf« -20ilf . P3f cos OMP 

=^03P+PM^+20M.PM cos YOM, 
or OP=(«"+y2+2^coBtt))*. 

11. Tojmd the distance between two points. 
Let d be the distance required. 

Let P, Q be the points, and let their coordinates be 
^uVif ^if yj> respectively. 

Draw PR parallel to the axis of x cutting QN in R. 
And, firsts let tiie axes be rectangular. 




O M 



or 



Then PQ*=PR'+QR^ 

But PR^MN^ON-OM^of^-Xiy 

QR=QN-PM=y^''yi ; 

.•.PQ»=(a7,-a7i)"+(yi-yi)', 

«={(^.-^i)'+(yi-yi«*. 



The Point 
Next, let the axes be inclined at an angle <». 
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Then PQ^=PjR*+QB*''2FB ,QB<mPRQ, 
but PEQ^ONQ^ir-o; 

/. P(P=PB^+QB^+2PB . QR cos a, 

or d={(i»,-a?i)'+(y,-yi)'+2(iPj-iPi)(y«-yi)co8a)}i 

Next, let the coordinates be polar. 




Let OP=r^, OQ^r^, POA = e^, QOA = e^, 
then d2=^p2+^Q2_20P . OQco%POQ 

= ^i^ + *'i - Snrj COS (^1 - ^s). 
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12. To find the coordinates of the point which bisects 
the straight line joining two given points. 




NX 



Let 8 be the point required, OKy 8K its coordinates; 
let 8K cut PR in T, 

Then OK^OM+MK=OM+PT=OM+lPR 



Similarly 






Similarly we may find the coordinates of the point 
which divides the straight line joining two given points in 
a given ratio. 

Let the given ratio be m : n. 

Then, in the preceding figure, 

PT \ TR w m \ n\ 

:, PT : PR :: m : m-hn; 

/. OK=afi + (^j-^i)= — —, ^• 



The Point. 
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Similarly 



^jr=— * 



»wy,4-wyi 



m + n 



If m-^-n—l, we haye OK=mx^-k-nXi^ a form which \% 
often usefiiL 

13. 7b find the area qf the triangle tohote angular 
pointe are given. 



\T 








M 



H 



Let PQB be the triangle, and let the coordinates of 
P,Q,Bhe x^y^j ar^„ x^^ respectiyely. 

Then area PQR=PQNM^RLNQ-'PMLR. 

But PQNM=\MN(JPM-\-QN)=\{x^''X^){y^-\-y^. 
Similarly, BLNQ = i (a?, - x^j (y, + y,), 

.'. area required 
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It is easy to see, that if the axes be inclined at an angle 
to, the preceding expression must be multiplied by sin a>. 




If the coordinates be polar, 
let 

OP=r^ OQ=r^ OB^n, POA^B^, QOA = e^ ROA^B^, 
then lPQR = laQOR -laQOP- laPOR 

= i {r,ra sin (^, - ^3) - r^r^ sin (^, - ^1) - r^r^ sm {6^ - ^3)} 
= i {^a^8 sin (^8 - 6^ + r^r^ sin {B^ - ^,) + r^r^ sin (^, - ^O}. 

In these two expressions the coordinates must be taken 
in such an order as to make the whole expression positiTe. 

Ex. 4. 

1. Determine the points whose coordinates satisfy the 
following pairs of equations : 

(i) «+y=3, (u) 8a;-4y=2, 

x-y-lt 7a-9y=7. 



m M=i. 



? + ?=!. 
a 



(vi) y»=4aa;, 



(iv) a?+y=7(a;-y), (v) a^+2=9y, 
««+y«=100. {ry + 2=aj. 

(vii) 56*+^'= 6a', 



eiS) ii + S=^' 
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2. Determine the distancea of the following points from 
the origin, the axes being (i) rectangular, (ii) inclined at an 
angle 60^ 

3a, 4a; -26,6; a sin a, a cos a; a, -3a. 

8. Determine the distances between the following pairs 
of points : 

3, 4 and 4, 3; -3, 4 and 4, -3; 1, 1 and -1, -1; 

a, and 0, -a; A, k and 2/(, - %k\ 

a, h and 6, a ; - 3a, 2a and - 9a, - 6a ; 

the axes being rectangular. 

4. The axes being inclined at an angle w, determine the 
distances between the following pairs of points : 

a, and 0, a; 0, and a cos ^ , a sin ^ ; 

1, -1 and -1, 1; 0, 2 and 3, 0; 0, 2 and -3,0. 

6. Determine the distances between the following points, 
whose coordinates are polar : 

a, B and 6, ^ ; a, and a, -B\ a, and - a, -$ ; 

2a, 300 and a, 60^. 

6. Determine the coordinates of the points of bisection of 
the lines joining the following pairs of points ; 

1, lands, 3; -1, 1 and 3, -5; 2, -2 and >2, 2; 

h, k and 2h, - Bk. 

7. Determine the areas of the triangles whose angular 
points are 

(i) 0,0; 1,2; 2,1. (ii) 8,'4 ; -3, -4; 0. 4. 

(iii) 0, 0; «„ y,; jcj, y«. (iv) a,0; -a, 0; 0, h. 

(v) the pole; r, 0; r, |. (vi) a, 0; 2a, ^; 3a, ^. 

V. o. n. 
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14. Trantformation qf coordinates. 

Since the same point may be referred to different systems 
of coordinates, there must be definite relations connecting 
these yarious systems. 

We wiU investigate those relations which are most prac- 
tically useful, and then shew how to transform the coordi- 
nates of a point from any one system to any other. 

15. To change the origin from one point to another, 
the direction qfthe axes remaining unaltered. 



I 



r^ 



0' 



XT 



\0 



A 



Let OX, OYhe the old axes, ax\ OT' the new: let 
(^, p), {pi, f/) be the coordinates of the same point P referred 
to the old and new systems respectively: let A, A; be the 
coordinates of the new origin referred to the old axes, and 
therefore 

OA=h, (yA=k, OM=w, PM=p, (yM^af, PM'=^, 
Then 0M= OA^AM=OA + aM, 

X=iXf-¥h, 

PM^ MM'+ PM=- a A + PM, 
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Ex. Transform the equation a^+ff^=a\ by changing 
the origin to the point (a, fi). 

Here »=a?'+a, 

the equation required. 

16. To change the coordinates from one rectangular 
system to another, the origin being unaltered. 




Let P be the point; x, y, its coordinates referred to 
the original axes OX, Y; af, y', referred to the axes 
0X\ O F'; 

then OM = x, PM= y, 0N= af, PN= y' ; 

let XOX'=YOY'=e. 

From N draw NQ, NB perpendicular to PM, OX, 
respectively ; then NPQ = QNO = NOB = 6. 

:. OM=:OB-BM=OB-NQ=ONcose-PNsme, 
or x=x'coa6-y'sm$; 
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so PM=MQ + QP=^BN+QP=ON«me-^-PNco%e, 
or y=a/fAxiB+}/QO&B, 

Ex. In the equation 

turn the axes through an angle -45^. 
The equation becomes 

VV2 ^2^ V^/2 J2) "' 
or 2a/i/=a\ 

17. To transform an equation from one rectangular 
system to another^ both the origin and the direction qf the 
axes being changed. 

First transform the equation to axes through the new 
origin, parallel to the original axes ; next turn these axes 
through the required angle. 

Thus; if A, A; be the coordinates of the new origin 
referred to the old axes, the angle between the original 
and final axes of x^ we shall have 

x^h-^-sd cos B-f/ sin B, 

y=k-¥af satB-^y' QO&B, 

In all these transformations attention must be paid to 
the sign of B, 

The two steps in the transformations had better b^ 
taken separately. 

18. To traniform an equation from rectangular to 
polar coordinates. 

Let the coordinates of P be ^, y^ referred to rectangular, 
and r, ^, referred to polar, coordinates. 

(i) Let the origin of rectangular coordinates be the 
pole, and the axis of x the initial line. 
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Then 



or 



M 

0M= OP co« POM, 
PM^OPrnPOM, 
x=rcoB6, y=rnn6. 



Canyenely, if we wish to transform from polar to rect- 
anjolar coordinates, 

r*=r*co8^d+r*8in'd=«*+y*, 
tan^=?^. 

(n) Let the origin be the pole, and let the initial line 
make an angle a with the axis of x. 




Then OM = OP cos POM^ OP cos {POA +AOM\ 
or a?=rco8(^+a). 

Similariy y=r8m(^+o). 
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(iii) Next let the coordmates of the pole be h, k, and let 
the iiiitial line make an angle a with the axis of of. 




Then 0M= 0K:+ KM = OK^ SP cos PSR, 

or af= h+r COB (0 + a); 

PM^SK+PR^SK+SP sin PSR, 

y=A; + rsin(^ + a). 
Conversely, f^-ix-hf+iy-kf^ 

y-k 



or 



tan(^+o)= 



x—h' 



The preceding transformations are the only ones that 
are generally useAil: we will give a few examples, and a 
general theorem for transformation from any system to any 
other. 

EXAMPLES, 
(i) Transform the equation 

to polar coordinates. 

Here as=roos0, y=rBin0; 

.-. r»(oos»^+Bin»^)=a*, 
or r=a* 

(11) Transform the equation 

«0O8a+yBinass|> 
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to polar eoordinates, the coordinates of the pole being poos a, 
p sin a, and the initial line being inclined to the axis of x at 
an angle a. 

Here «=:p cos a+r cos (^+ a), 

y sp sin a + r sin (^ + a) ; 
.'. p 008* «+ r cos (9 + a) cos a +p sin' a+r sin (^+ a) sin x=p, 

or r 008^=0, .•. 0=^' 

(iii) Transform the equation 

r=a cos ^ 

to rectangular coordinates, the origin coinciding with the pole, 
and the initial line with the axis of x. 

Here r* =ar cos ^, 

or a^+y'=afl5. 

Ex.5. 

1. Transform the following equations by changing the 
origin to the point (1, 1) : 

2. Transform the equations 

a;+y=<?, »«-y«=o», (a:+y-2o)'=4apy 
by turning the axes through an angle 45®. 

8. Change the coordinates from rectangular to polar in 
the equations 

ac'-y'sa', aB^+3f'=a*, y'=4aa5, x cos a+y sin a=a. 

4. Change the coordinates from rectangular to polar in 
the equation y^=^ax, the coordinates of the pole being a, 0. 

5. Change the coordinates from polar to rectangular in 
the equations 

B^Sf r^c^ -=costf+sin^, r»cos2fi=sa*, r*=a'cos2^. 

9 T 
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19. ItisobTioQsthatcooidiiiateBiiiaybediaiigedfroiii 
aoj system to anj other: we wfll now gire eqaattons from 
whidi any particiikr tnnsfonnatioii may be effected. 

We will suppose the two systems to haTe the same 
origm, niioe we hare seen that any syston may be trans- 
ferred to parallel axes through the or^^ (A, k) by simply 
writii^ j^-k-h for x, y'+ifc fwr y. 

Let Ox, Oy be any axes, P 
the point x, y, so that OM=Xj 
PM=y. 

Throogh O draw any straight 
Imes OX, OY at ri^t angles to 
eadi other; draw PA' perpendi- 
calar to OX, and let ON=X, 
PN=Y. 

Draw MQy MR perpendicolar to ON, PN, reqtectiYely : 
\eixOX=a,yOX=p. 

Then 




iO 



X^OQ^QN=OQ'\-MR=xeo%a-\-yoMP\ 
Y=xana+yemp. 



Now if any other axes be drawn through O, making 
angles a , ^ with OX, and x^,y^ be the coordinates of P 
referred to them, we shall have 

X=a/cosa+y'cosp^, Y=j/ma-hy^mnp, 

:, xcosa-i-ycfMfi=x'cosa+y^co6^, 

xan a + y smfi=x^ana+y^anp'. 

By solring these simple simultaneous equations, we can 
get any pair of the quantities x, y, or', ^ in terms of the 
other pair. 

Thus if we have to transform from one pair of axes to 
another with the same origiu, we shall always have 

x=ax'+by', y=a'a^ + by. 
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where a, h, (/, b\ depend only on the angles the axes make 
with each other, and not on the position of the point P. 

If the origin, as well as the direction of the axes, is 
changed, these equations will become 

Hence we ^asx prove the following important theorem. 

20. The degree of any eqtuition cannot be altered by 
any transformation of coordinatei. 

Let IjTy* represent the highest term in any equation : 
let the axes be altered so that 

x^aa'+by'+Cy y=a^x'-\-by+<f ; 

then lary*=l {aaf-k-by'-^ cT {a'x'+by+(r)\ 

Now there is no term in (<M?'+6y'+c)'" of a higher 
degree in a?', y', than the fw*^, or in (a'j?' +6V + 0" than the 
n^ : hence there is no term in their product of a higher 
degree than the (m+n)***. 

Hence the degree of an equation cannot be ndsed by 
transformation. Neither can it be lowered, for then it 
could be raised by transforming back again. 

The general equation of the first degree lx-¥my=dy 
represents therefore one distinct class of lines, the general 
equation of the second degree 

Ax^+Bxy+Cy^+Dx-^Ey+F^O 

represents another, and so on. 

The rest of this work will consist of a discussion of the 
lines which give rise to these two equations. 



EXAMPLES ON CHAPTER L 

1. A regular octagon is inscribed in a circle of radius a ; 
determine the coordinates of its angular points, taking the 
centre of the circle as origin, and two diameters passing through 
four angular points as rectangular axes. 
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S. Tangents are drawn to the ourele at the yertioes of the 
oetagon in the preceding question : determine the coordinates 
of the Tertioes of the oetagon so formed. 

S. A regular hexagon is deseribed : if a be the length of a 
side, and two adjacent sides be taken as axes, determine the 
coordinates of the Tertice& 

4. Shew that the polar coordinates (r, #)^ (-r, x+d), 
(r» tf--x) all represent the same point. 

5. ABC is a trian^e, D, E the centres of tiie dreom- 
soribed and inscribed circles: find the coordinates of 1>» Bt 

(1) B being the origin^ BC axis of Xy and the axes rectangnlar : 

(2) AB, AG being axes : (3) A htaa^ tito pole, AB tito initial 



iL bi the trxan^e ABC^ straight lines are drawn from the 
aoDigles bisecting the sides : find the coordinates of their point 
ofintersection, taking two sides as axes. 

7. Petermine the angnlar points and area of the tzian^^ 
whose Teitifies are (i) the intersections of the lo<a s+3r=0^ 
3^=9> ar=3a» (ii) the ongin» and the intersections of the loci 

8w If in the eqnatioii 
tito ongiii he ddanged to ^e point (<i» d), the equation beeomeB 

9. T^ansfinm ^e eqnatiiHi - + |sl» by ft^w"»e^g the 
QDgta to tiie poinl s» s' ^'^ tiinung the axes tiaoQ^ aa 
angle ^» sodii ftai tan ^^ - - . 

t» XMtengn]«r and ol^oe ^pstMBs with the same origin* and 
it 4mi aaeea of the fir^ fasten, l^aeet thft an^^ betweoi 
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11. II two obliqne systems have the same origin and axis 

M XT- ^ j^^{^- w') , sin w' , , . ., 

of X then x=x+v — ^ -, y=v —. — , w, v being the 

^ sin w ^ ^ sm w ^ 

angles between the axes respeotively. 

12. If the origUi of oblique axes inclined at an angle w be 

the pole and the axis of x the initial line, a5=r — :*^ — -, 

'^ smw 

sin^ 
y — r—. — . 
' smw 

13. From the preceding question obtain r and in terms 
of X and y. 
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21. A straight line may satisfy two geometrical con- 
ditions and no more. 

Thus; 

(1) It may pass through two fixed points : 

(2) It may pass through one fixed pointy and make 
a fixed angle with a fixed line: 

(3) It may be at a given distance from a given 
point and that distance may make a fixed angle with a 
given line : that is, really, it may touch a fixed circle and 
be parallel to a fixed straight line. 

This is of course a coniplicated case, but it is very useful. 

There are many other more complicated conditions, 
which a given straight line can satisfy, but they can gene- 
rally be reduced to one of the foregoing. 

We will investigate the preceding cases geometrically, 
shew that the equations so obtained can be reduced to one 
general form, that this form always represents some straight 
line, and hence obtain the equations to straight lines under 
various other conditions. 

We have already seen (Art. 7) that the equations «=a, 
y^hj represent straight lines parallel to the axes of y and 
X respectively. 
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22. To find the equation to the ttraight line which 
passes through ttoo fixed points. 

First, let the points be on the axes. 




Let the straight line cat the axis of ;p in the point A 
and that of y in the point B; let OA=a^ OB = b; let the 
coordinates of P, any point in the line, be ^ and y. 

Then, / PiVis parallel to HO, 

PN_AN AO-ON 
" BO" AO" AO ' 



or. 



y _ a—x X 



a 



■ - + ?=! 
a 



This equation is therefore satisfied by every point in ABt 
and by no other points, since it is deduced from the goo- 
metrical relation PN : OB :: AN: OAy which is only true 
when P lies on AB ; it is therefore the equation to AB. 
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It may easily be seen that this equation holds for all 
points ou the line AB^ or AB produced either way. 

For let Q be such a point; then 

QN^AN' ON' 
BO^ AO"^'^ AG' 

•• AO ^ B0~^' 
but if a?, y, be the coordinates of Q, 5?= - 0N\ y=QN, 

.*. - + |=1, asbefora 

Since this equation does not involve the angle AOB, it 
is true, whether the coordinates are rectangular or oblique. 

2a Next, let the coordinates of the two points (7, /> be 
^i> yi; ^«» Vi respectively. 




As before, let P be a point on the line required, Xy y its 
coordinates. 

Then in the figure 

OK=Xi, OL=x^, ON=x, 

CK^y^y DL=y^, PN=y, 

Draw CQ parallel to OX, cutting DL, PN in R, Q 
respectively. 
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Then 
CR=Xt-x^y DR^y^-y^^ CQ^x-x^, PQ=y-yi. 

Then by similar triangles CDR, CPQ, 

PQ _CQ 
DR^VR' 

that is, ^^'^ = — "Z-A ^ the equation required. 
This equation may be written in either of the forms 

(y-yi)(^«-«i)=(«-«i)(yi-yi) 

or y-2'i=Sr5(^-^i)- 

In this equation since the magnitude of YOX is not 
involved, the axes may be either rectangular or obliqua 

N.B. ^^^^=^ , that is ^, which is the ooeffid^it of 

•T^ — Xi 0/C 

Xy is, when the axes are rectangular, equal to the tangent 
of the angle which the line makes with the axis of x, 

24. To find the equation to a straight line which 
passes through a given point, and makes a given angle 
with the axis qfx. 

Let ACP be the straight line, (7 the given point (Xjj/i), 
P the point {xy\ CAX the given angle ^^ a. 

Then tana=^=?^, 

or y-yi=(«-iPi)tano. 

If tan a = 9t, this equation becomes y-yi=n(x- x^. 
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If the coordinates be oblique, we still have 
PN CL 



sma 



CN ^Z~8in(«-o)' 




L M X 

which is constant since <o and a are constant, and therefore 

y-yi=n(a!''Xi) 

still represents a straight line through the point (^^ y^) which 
makes a fixed angle with the axis of a;. Two particular cases 
are useful : 

(1) Let the fixed point be the origin, then a\ = 0, ^i = 0. 

The equation to any straight line through the origin is 
therefore y=nx^ where n may have any valua 

(2) Let the fixed point be on the axis of ^ at a distance 
c from the origin, then the equation becomes 



or 



y — c=^nx, 



"25. The equation y-yi = (a?-ari)tana may be con- 
nected with polar coordinates and put in a very convenient 
form. 
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Let CP, the distance between the fixed point and any 
point on the line, be denoted by r; 

/. CQ=rco8o, PQ=r%maj 

or d?— jri=rco8a, y— yi=r8ina; 

.*. ^=a?i+rco8a, y=yi+r8ina. 

These equations are very useful when we want to deter- 
mine the rectangle, square, &c of lines through a fixed 
point, and know a curve on which the other end of the line 
lies. 

26. To find the equation to a straight line in terms 
qf the perpendicular from, the origin and the angles that 
perpendicular makes with the axes. 




Let APB be the straisrht line, OK the perpendicular 
from O, and let OK=p^ KOA-a, 

Draw NR parallel to AB^ cutting OK in /?, and draw 
PQ perpendicular to NK 

Then OR + RK=OK=p, 

but OR = OiVcos a = ^ cos a, 

i?ir= PQ = Pi\rsin a = y sin a, 

since QNP^RON=^a; 

▼. 0. -^ 
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.*. Of cos a + ywia=p, 
the equation required. 

If the axes be oblique, let KOB-^y 

then NPQ=fi, PQ=ycosP, 

and the equation becomes 

a;coBa+^cosi9=3j9. 

N.B. cos a and cos /3 are often called the direction 
cosines of the line. 

Ex. 6. 

1. Interpret the equations : 

3 + 2 = ^' 2"3-^' 2 + 3 + ^-^' 3"2-^- 

2. Find the equations to the straight lines which pass 
through the following pairs of points : (a, b), (&, a) : (h, k), 
(-A,-*): {h,k)Ah,-k): (k, -k), (-k, -k): (3, 4), (1, 2) : 
(5, 6), (0, - 1) : (a cos 6, b sin d)^ {a cos 0, b sin 0). 

8. Find the equation to the straight line which passes 
through the point ( - 1, 2) and makes an angle 30® with the axis 
of X. 

4. Find the equation to the straight line which passes 
through the point (2, 2) and makes an angle of 45® with the axis 
of X. 

5. Find the equation to the straight line when the perpen- 
dicular from the origin makes an angle - a with the axis of x 
and its length is b, 

27. The student will probably have observed that in 
each of the equations we have found to straight lines there 
is one term involving^ x, one involving y, and a constant 
term, but no terms in x^j xy^ or ^^: we shall now prove that 
every equation of this sort, such as 

Ix^my-d^ 
where /, m, d are constants^ represents some straight line. 

28. Conditions that two equations represent the same 
locus. 
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Suppose we have two equations, one that to a known 
line, another which we wish to interpret, we can find the 
conditions that the two equations shall represent the same 
locus. 

In general, two equations taken together will give de- 
terminate values of a; and y, and therefore represent points; 
i^ however, the coetficient of every term in the second is 
the same multiple of the coefficient of the corresponding 
term of the first, we may divide by that constant multiple 
and so obtain that first equation. 

The condition required is therefore that the ratio of the 
coefficients of x\ xy^ ^, Xy y, &c and of the constant terms 

in the two equations should be the same. 

• 

In practice, it is best to divide each equation by the co- 
efficient of some term or by the constant term; then the 
coefficients of the other terms must be identicaL 

This process is called equating coefficients. 

Thus, the equation Ix-^my^dmtiy be written 

Ix fny_ 

Now the equation to the straight line which cuts off in- 
tercepts a, b from the axes is 

^ + 1=1 (Art. 22). 

Hence, these equations will represent the same line if 

^ 1 m 1 d d , 
3*=-, -T = r, or -,=«, ——0. 
d a^ d b' I m 

Now since we can always measure off lengths equal to 
jy — along the axe^ the equation lx-\-my-d must 
represent the straight line which cuts off intercepts 
y , — from the axes of x and y respectively. 
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29. This proposition is so important that we will prove 
it independently. 




Let la!-hmy=d be an equation, and P any point whose 
coordinates {x^ y) satisfy the equation so that 

l.ON^m.PN^d, 

then P shall lie on a certain straight line. 

Measure 0A= ., OB = — , and join AP, BP. 



Now 



and 



--. d-lx 

d 
PN I m OB 
•'• AN'm'l^OA* 

I 

.'. P is a point on the straight line AB. 
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Since the magnitude of the angle BOA is not inyolved 
in this proof, the above equation will represent a straight 
line whether the coordinates be rectangular or oblique. 

This equation is often written Ax+By-k'C=0. 

O C 
In this case the intercepts on the axes Bre^-jy —-^ 

respectively. 

Since there are three constants in this equation, it would 
seem that a straight line could satisfy tluree conditions : 
this, however, is not the case, since we can divide by any 
one of the three without altering the equation, and then 
the straight line which it represents ¥rill be completely 
determined by the ratios thus obtained. 

30. To find the angle which the line 

lx+my=d 

makes with the axis qf x, and the perpendicular on it 
from, the origin. 




Let OA - J , 03= — , then, by the preceding Article, 

AB is the line required. 

Let BAX, the angle which BA makes with the positive 
direction of the axis of x, be called 6. 

Draw OD perpendicular to AB, and let OD^S, 

(i) Let the axes be rectangular. 

d 
0B_ m I 

OA""!" 

I 



Then tan ^= -tan 5-40= 



m 
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Again AB . OD=OB , OA^ since each of these rect- 
angles is double the triangle OAB, 

yJi Ai /72 

But AB^=OA*+OB*=l, + ^,r=^^(P + m^; 

We might have obtained these values by equating co- 
efficients in the equations 

lx-\-my=df y=d?tand4 6, 
a;co8a+y8ina=d. 
(ii). Let the axes be oblique, so that XO T= <o. 
Make the same construction as before. 

Y 




Then sm5-40=sin(7r-^)=sin^, 

and sin 05-4= sin (^-fi)); Euc. i. 32. 

sin^ _0B ^l 
sin (^ - «) "" 0-4 "" m ' 

or, msind— ^ sin(d— tt)) = 0; 

therefore, expanding sin {6 - o), 

(m - / cos o) sin ^= — ^ sin tt cos ^ ; 

.*. dividing by cos 6. tan ^= i . 

Again, AB= {OA^ + 0B^-20A . OB cos «}* 
= — (^+m2-2/m costt))* ; 



im 
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and AB . 02>= OA . OB sin »-y— sin «> ; 
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.-. a= 



(fsin 



o 



(/*+«*'- 2/m cos tt))^ 

In these expressions, if we put ca = - , we get the valnes 

of and 8 previously found, as manifestly ought to be the 
case. 

31. Wc are now in a position to interpret any simple 
equation, and to draw the straight line which it represents. 

Put y=0 in the equation, the corresponding value of a 
win give the point at which the line cuts the axis of a. 

Put ^=0, we obtam the point at which it cuts the axis 
of y. 

Join these points, and we obtain the line required. 

We may observe that if the coefficients of x and y have 
the same sign, the line makes an obtuse angle with the 
axis of Wy if different, an acute. 

Examples. Interpret the equations : 

a;+2y=3; aj + 2y + 3=0; 

a;-2y=3; a;-2y + 3=0. 

In the first equation put y=0, ,\ x=B; then put 2=0, 
3 
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3 
Now measure OA=S along the axis of x, and OB*^^ along 



the axis of y, AB is the line reqoirecL 

To interpret 2+2^+3=0: this line passes through the 

3 
points af= -3, y=0; 05=0, y= -^; measure .'. OA*-=^OA and 

0F= OB along the negative parts of the axes. A'Bf is the line 
required. 

So the third and fourth equations represent AB^, A'B re- 
spectively. 

To determine the angles which these lines make with the 

axes, divide the coefficient of x by that of y and change the 

1111 
Hign ; then - ^ , - ^ , ^ , o ^^ ^® tangents of these angles. 

The perpendiculars from the origin are 

_3^ -3 J^ -3 

V6' V5' V5' \/5* 

Ex. 7. 

1. Draw the straight lines represented by the following 
equations, where 1 represents a line \ an inch in length. 

05=2, a;+3=0, y=l, a;=y, 2a; + 3y=0, | + 3 = 1> 

4aj-3y=l, 4aj+3y=l, y-3=2(a;-2), y + l=V3(a5 + 2), 

y-2 = -— (a;-l), a5C08|+ysin|=l, xco8^-ysin| = l, 

.IT "^ -i 

a! sin --ycos-5 = l. 

2. Determine the angle which each of the above lines makes 
^ith the axis of x, and the perpendicular from the origin. 

X V 

3. If the equations - + | = 1, Ax + By = Cj y^nx + c^ 

X cos a + y sin a =p represent the same line, then 

, „, O oft c 

Aa=Bb; p= t= r= r; 

{A^ + B^y (aHftV (1 + nV 
n8ina+cosa=0. 



The Straight Line. 



41 



We can now find the equations to straight lines 
which are related in some way to others whoM equations 
are known. 

32. To find the equations to the straight lines which 
pass through a given point, and make a given angle tcUh 
a given straight line. 




Let G be the given point whose coordinates are ^i , Pi 
and let the equation to the given line AP be reduced to 
the form 

y=.rtana+c, 

where PAX=a. 

Let CPQ^CQP=P ; then P/2X=a+i9, QSX=^a-fi, 
and the equations to PR and QS are 

y-yi = (^-^i)t»n(a±/3). 

If the axes are oblique, these expressions become very 
complicated, and are rarely useful. 

33. Conversely, if we know the equations to two straight 
lines we can find the angle between them. 

Let Ix+my—df 

Vx-¥ni'y=d\ 
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be the equations to the known lines, and ^ the angle be- 
tween them ; let ^, ^ be the angles they make with the 
axis of X respectively. 

Then tan^=- -, tan^= — ^: 

.-. tand>=tan(d?-^= tan^-tan^ Im'-Tm 
^ ^ ^ l + tan^tan^ //'+mw'* 

34. If these straight lines are parallel, tan <^ = 0, 

I V 

• • "— / • 

m m 
If they are at right angles, tan <^ = od, 

, W , V m 

.*. 1 + > = 0, or — >= — Y* 

mm m I 

The equation l'x+m!y=d' represents a straight fine 

t I 
parallel to lx+my=d if — , = — , whatever be the inclina- 
"^ '^ mm 

tion of the axes. 

For the ratio — is that of the intercepts on the axes of 
m 

y and x respectively (Art 29) ; and if this ratio be the 

same for two lines, these lines must be parallel 

Thus the equation to a straight line which is parallel to 
Ix + my = d may be written Ix + my =d'; to a straight line 
perpendicular to the same line, mx'^ly=d\ where a' is in- 
determinate in each case, as it manifestly ought to be, since 
thei*e are an infinite number of straight lines parallel or 
perpendicular to a fixed line. In the latter case, however, 
the axes must be rectangular. 

Thus a straight line parallel to - + ^= 1 may be written 

- + ^=X, where X is indeterminate ; that perpendicular to 
a 

the same line, (iX'-by=\. 

If the straight line parallel to Ix+my^d pass through 
the point (^i, ^i) its equation must be lx + my=lXi^ + myi, 
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for this represents a straight line parallel to Ix-^-my^d, 
and is tme when x=x^j y^^Vv 

We may remark that the equation 

y-Vi^rnix-x^ 

represents any straight line through the point (^i, ^i), and 
the indeterminate constant m must be determined by some 
other condition about the line. 

Ex. 8. 

1. Find the equations to the straight lines which pass 
through the origin, and make angles of 15® with x+y=2. 

2. Find the equations to the lines which pass through the 

point a, 0, and make angles ^ with - + ^=1. 

4 do 

3. Find the equations to the lines which cut off a length h 
from the axis of y, and make angles /9 with 

flscosa+ysina=|). 

4. Find the angles between the following lines : 

a5+y=3, and aj=V3y; - + ?=1, andj + ^=l. 

5. Find the equations to the straight lines which are 
parallel to Ax + By =C and pass through the following points 
respectiyely (10, 0), (a, 6), {Ba, -aJ.). 

6. Find the equations to the straight lines which are 
parallel to y=mx-\-bf and at a distance a from the origin. 

7. Find the equation to the straight line which is perpen- 
dicular ioA»+ By+ (7=0, and cuts off a length b from the axis 
of y. 

8. Find the equation to the straight line which is perpen- 
dicular to - + 1=1, and passes through the point a, 5. 

9. If AB he parallel to x cob a+y sin a » p ^d 
OA . 0B=<^, find its equation. 

10. If ^^ be parallel to y=mas+6 and OA + OB=^Ct find 
its equation. 
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35. To find the polar equation to a %traight line. 
Let PQ be the line required, P any point (r, B) on it 




Let the perpendicular SK from the pole S make an 
angle KSQ=a with the initial line. 

Then 8P. cos PSKz= SK, 

or, rcos(d-a)«j[?, 

the equation required. 

This might also be obtained by writing rcosd, rsin^ 
for X and y respectively in the equation ^ cos ^ + ^ sin ^ =p. 

The general polar equation to a straight line may be 
obtained from the rectangular equation 

Ix+my—dy 

by writing r cos By r sin B for x and y respectively. 

It becomes Irco^B-r mr sin B=d, 

or ?cosd+m8in^=-. 

r 

36. Polar equation to the straight line through two 
fiaed points. 

Let (rj, Bi) (r„ B^ be the coordinates of the fixed points, 
(r, B) of any other point. 
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* Then the area of the triangle of which these points are 
the vertices is 



) 



n r,r / sin (^1-^,) ^ sin(^>~^) ^ sin(^-^0 \ /^^ jg 

Now, if (r, 3) Ue on the straight line joining the two 
points (n, ^0» (^<> ^s) ^^is c^i"^ ii>^^ vanish. 

Hence »i° (^i-^O ^. »in (^«-^) ^ «'° (^-^i) = o 

r n r, 

is the equation required. 

This equation, if expanded, is easily shewn to be of the 
form 

/cos^+f»8in^=-. 

r 

Ex. 9. 

1. Shew thai the equations r cos ^ = a, r sin ^ = a represent 
straight lines perpendicular and parallel to the initial line at a 
distance a from the pole. 

2. Interpret the equations : 

^=~, ^+a=x, rsinf ^-- J=p, -=cos^+8in^. 

3. Find the polar equations to the straight lines which 
pass through the following pairs of points: 

o, 0; 6, 5 : -a, 30»; o, 60»: o, 6(fi; a, 1200. 

4. A BC is a triangle : if ^ be the pole, A B the initial line, 
find the equation to the straight lines through A, B, C 
respectively which are perpendicular to the opposite sides, 
and the coordinates of their point of intersection. 

6. If r cos {0-a)=p, IcoB $+m 8bi$=- , represent the 
same line 

y=tano, d=j){Z'+m«)*. 

We may apply these equations to the solution of various 
problems. 

37. To find the distance qf a fiaed point from, a given 
straight line. 

Let C be the given point {h,k) and AB the given 
straight line, whose equation is 

Ix+my^d. 
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Through C draw CD perpendieular to AB, and A'CB' 
parallel to AB^ cuttmg the axes in A', E respectively. Draw 
0Q(^ perpendicular to .^1^ and therefore to AH, 




Then the equation to AB is 

Ix-^my—lh^mk, (Art. 34.) 
Now CD^Qq^Oi^-OQ, 



But 



0Q'= 



Ih + mk 



0Q= 



d 



{f^-^m^^' (/»+m»)4' 



.-. C72>= 



Ih + mk-d 



Hence to find the perpendicular from a given point on 
a given straight line, take all the terms to the left hand in 
the equation to the given straight line, write the coordinates 
of the point instead of x and y in the expression which is 
now equal to zero, and divide by the square root of the 
sum of the squares of the coefficients of x and y\ the 
expression thus obtained is the length of the perpendicular 
required. 

If this expression be negative, this shews that OQf < OQ, 
or that the point lies on the negative side of the line. 
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If the equation to the straight line be written in the 
form 

the perpendicular from {xjyi) is o^i oos a + ^i sin a -p. 

It is obvious that if the point (x, y) be not on the line 
whose equation is 

4? cos a + y sin a - /? = 0, 
drcos a+y sin a— p cannot be zero; we now see what it 
does represent 

38. To find the dUtanee between two parallel straight 
lines. 

Let their equations be /a? + mp = di , 

la!'^-my=di, 
then the distance between them must be the difference 

of their distances from the origin, that is — — — - . 

{l^+tn^yi 

39. To find the point qf intersection qf tt€o straight 
lines. 

Since both straight lines pass through this point, both 
equations must be true for that point, if therefore we 
treat the two equations as simultaneous, the resulting 
values of » and y will be the coordinates of the point of 
intersection required. 

Hence, for example, to find the coordinates of the foot 
of the perpendicular from a given point on a given straight 
line, write down the equation to the straight line through 
that point perpendicular to the given straight line, and 
treat these equations as simultaneous. 

Ex. Find the perpendicular from the point (kh) on the 

on V 

straight line - + 1- « 1, and the coordinates of the point where 
it meets that line. 

Thelength is -i-i— * or ^ttftl^ (Art. 37). 

The equation to the perpendicular is 

ax-by^^ah-hk (Art. 34). 
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Eliminating y between this equation, and - + ^ = 1, or 

a 

hx-\-ay=abt 
we obtain (a« ■\-V^)x= a^K -^ a5A:+ a6*, 

a^ + Jr 
Similarly y = — ^-—r^ — . 6. 



Ex. 10. 

1. Find the distance of the point (2, 3) from the line 

05 + ^=1. 

2. Find the distance of the point (3,.0) from the line 

? + ?^=l 
2^3 ' 

3. Find the distance of the point (0, 1) from the line 

a5-3y=l. 

4. Find the distance of the point ( - li 3) from the line 

3a;+4y + 2=0. 

5. Find the distance of the point ( - a, -h) from the line 

a 

6. Find the distance of the point (a, h) from the line 

ax-'by=-0. 

7. Find the distance of the point (A, k) from the line 

Ax+By'\-C-D, 

8. Find the distance of the origin from the line 

7ix-}-hy=c^. 

9. Find the distance of the point (A, k) from the line 

hx+ky=<^. 

10. Find the distance of the point {a, 0) from the line 

a 
y=mx-\-— . 
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11. Find the distance of the point h, k^ from the line 






12. Find the coordinates of the foot of the perpendicular 
in each of the preceding cases. 

13. Find the distance between the lines 

y=(x-a)tana, 
and y = (x - h) tan a ; 

also between - + f=2, and- + x = s* 

ah a 6 2 

14. Fmd the coordinates of the points of intersection of 
the four lines in questions 1 — 4. 

15. Find the coordinates of the intersection of 

xoosa+2^sina=j», and xcosj9+2^Bin/3=p. 

16. Find the coordinates of the angular points of the 
parallelogram whose sides haye for their equations 

x=ay x=&, accosa+yBina=j9i, xcosa+ysinasj)^. 

17. Find the equations to the diagonals of the parallelogram 
in question 16, the coordinates of their point of intersection, 
and the area of the parallelogram. 

18. Three oonseoutiTe angular points of a parallelogram 
are a, ; A, ib ; 0, 6, respectively ; find the coordinates of the 
other angular point, and the equations to the diagonals. 

19. Determine the angles of the parallelograms in the 
preceding questions. 

20. Betezmine the angle between the straight lines 

and find the relation between a and h when this angle is 150*^. 
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40. To find the equation to a straight line which 
passes through the intersection ofttco given straight lines. 

Let the equation to the two given lines be 

la!+my=d (1), 

l'jff+m'g=d' (2). 

Then lx+my'-d=\(ra;+m'y-d') (3) 

is the equation required, where X may have any value. 

For this is the equation to some straight line, and it 
passes through the intersection of (1) and (2), since if either 
of these equations be satisfied, the other is satisfied also. 

Since there are an infinite number of straight b'nes 
which pass through any point, X is indeterminate, and 
must in any particular case be determined by the circum- 
stances of the problem. 

For instance, we will find the equation to the two 
straight lines which bisect the angles between (1) and (2). 

Let (xy) be a point on one of these lines; then, if d^, d, 
be the perpendiculars on the lines from {ay), 81=^^8^. 

But 

{l^'¥m^)ibi==ls+my-d, {p^wf^^h^^Vx^m'y-d', 

therefore from (3) 

(/2+w8)*=tfcX(/'a+m'«)4, 
and the equations are 

lx-\-my—d _ l'x-¥m'y—d 

41. To find the condition that three points may he on 
the same straight line. 

Let (ph yO» (^« yil> (^8 ^s)* ^ *b® coordinates of the points ; 
then, since these points lie on a straight line, the area of 
the triangle of which these are the angular points must be 
equal to 0, but twice the area of this triangle is equal to 

^iya-a?ayi + arsy,-ii^8 + a?3yi-iCiy,; (Art 13.) 
is the condition required. 
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Generally howerer the best way of proving that three 
points Ue on a straight line, is to write down the equation 
to the line through two of the points and see whether the 
coordinates of the third satisfy it 

42. lb find the condition that three ttraight linei 
pats through the tame point. 

This, is the same as saying that the sameyalnesof x and 
y satisfy the equations to the three lines. 

Let these three equations be 

kx+m^^d^ (1), 

l^+m^=dt (2), 

l^-\'m^=d^ (3). 

Multiply (2) by X, (3) by /i, and add ; 

for all values of X and fs and /. when ^•«-X/^+/a(|=0, and 
Wx + Xfit, + /*!»,= 0. 

But then <fi+Xd^-f fi^=0 also. 

Kowif ^ + X/,+fi/,=0,andmi+Xm,+fHW,-0, 

•'• di{l^n^-l^m^'\rd^{l^mx-lim^-^d^{l^m^-l^m^^Q 
is the condition required. 

Generally, however, the best way is to find the point of 
intersection ti two straight lines, and to make its co- 
ordinates satisfy the third. Such straight lines are said to 
be concurrent 

Problems which prove that three straight lines pass 
through a point may generally be much simplified by a 
judicious dioice of axes. 

4-2 
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43. "We will, by way of example, prove the well-known 
properties of a triangle, that the three sets of three straight 
lines passing through the angles, and (1) bisecting the sides, 
(2) perpeniScolar to the sides, (3) bisecting the angles, are 
concurrent 

In the first case, since the magnitudes of angles are not 
involved, we may take any axes: take CB, CA as the axes 
of Xf y respectively. 

B 




Let 2>, ^, jP be the middle points of the sides, then the 
equation to AD is 

Similarly, the equation to BE is - + ^ = 1, and that to 

OS tt £L 1) 

CFj - = V, since the coordinates of jPare - , -. 
' a 6 2' 2 

Subtract the equation to BE from that to AD^ and we 
get - = f > the equation to CF\ 

/. AD, BE, CFbtb concurrent 
(2) Next let AD, BE, CF be perpendicular to the sides. 

Here, since right angles are involved, it is best to use 
rectangular coordinates. 
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D B 

Take BC, DA as axes, then 

DB=ccwB, DC=-bcoBC, 
DA=csmB=bBmC; 
therefore the equations to AB, AC we 



^^^'n=c, 



y 



—-=6 respectively. 



cmB fAnB "* nnC cosi 

Hence the equations to CF, BE, which are perpen- 
dicular to them, and pass respectiyely through the points 
( -& cos C7, 0), (c cos By 0), are 

y sin -S— (a?+ & cos C) cos 5=0, 

y sin C + (w-e cos B) cos C= 0. 

Multiply by sin C and sin B respectively and subtract, 
then we get 07=0; that is, AD passes through the inter- 
section of BE, CF. 

(3) Next, to prove that the bisectors of the angles are 
concurrent. We will use the property that if a straight 
line bisect an angle, the perpendiculars from any point on 
it on the arms of the angle must be equal. 

Take any rectangular axes, and let the equations to 
BC, CA, AB be 

^cosa+ysina^'p (1), 

acosP'^ysmP = q (2), 

a?cosy+y siny=r (3) respectively. 

Let AD, BE, CF be the bisectors. 
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C\ 

Then the equation to AD is 

^ cos j3 +y sin j3— g=4? cos y +y sin y^r, 

since these expressions are the lengths of the peipendiculars 
from {x, y) on (2), (3) respectively. 

Similarly the equation to ^^is 

^cosa+ysina— p=j? cosy+y siny— r; 
therefore at the intersection of these two lines 
4? cos a +y sin a— /?=ir cosjS + y sin ^— g. 

But this is the equation to CF^ which therefore passes 
through the intersection of AD and BE, 

Ex. 11. 

1. Find the equation to the straight line which passes 
through the point (^, h) and through the intersection of 

*+y=l and ^+1^=1. 

2. Find the equation to the straight line which passes 
through the intersection of 

and also through the origin. 

8. Find the equation to the straight line which passes 
through the intersection of - + ^=1 and y=mx, and is pei^- 
I>endicular to the former line. 
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4. Find the equation to the straigbt line which passes 
through the intersection of liX-i-mjjf^d^, 2|S+m|Sfs<i|, and is 
parallel to 2^+iiity=<2,. 

5. Find the equation to the straight line which passes 
through the intersection of 

xoosa+ysinasp, a6 0osj9+ysinj9sp, 
and also through that of y=iiix-|-c, s^my+e. 

6. If - + r^L Y + ^=1> y=mx intersect in a point, find 
the yalne of flk 

7* Find the equations to the straight lines which pass 
through the intersection of y = 2x+4, y = 8x+6, and bisect 
the sapplementaiy angles which they include. 

8. Find the condition that the intersection of 

soosa+ysina=p, sesina+ycosasg 

should lie on the straight line which joins the points (2, 8), 
(S, 2). 

44, Although the equation to a straight line is of one 
dimension only, yet it does not follow that eyery equation 
of more than one dimen&ion does not represent straight 
lines. 

Take for instance the equation 

This may be put in the form (a?— a) (y - a) = 0, 

.*. either »— a=0, or y-a=0, 

Uiat is to say, the locus of the equation is two straight lines. 
(Generally, whenever an equation can be resolyed into simple 
DsM^rs, it is satisfied by putting each factor separately equal 
to zero, and is therefore the locus of the various lines whose 
equations are so obtained. 

The locus of an equation may be a point, or may be im- 
possible. For instance, let 

(ir-y)^+(a?+y+a)'=0. 
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Here 4?-y=0, and also x+y-\-a=0, since if the sum of 
two squares be zero, each of them must vanish ; 

is the only point which satisfies the equation. 
Similarly, if we have the equation 

the locus is impossible, since no real values of of and y can 
be found such that x^+{x—yy shall be negative. 

The easiest way of testing an equation of the second 
degree which does not split up into factors by inspection is 
t<i treat it as a quadratic in eiUier x or y, 

Ex. (i) a5'-4ii!y-6y' + 2a;-16y = 3 may be written 
a;2-2(2y-l)ae+(2y-l)«=(2y-l)« + 5y2 + 16y+3=(3y + 2)«; 

.-. a5-2y+l=±(3y+2); 

.'. x-5y — l or a;+y+3 = 0, two straight lines. 

(ii) a:«-6a^ + 10y«+2a5-6y+l = 0, 

(a;-3y+l)*+y"=0; 

.*. a;-3y+l = 0, y = simultaneously, 

x= -1, ^=0, a point on the axis of x, 

(iii) The equation 

Ax^+2Bxff-\'Cy'^0 

represents two straight lines through the origin, or the origin 
itself. 

For it is equivalent to 

or Ax+By=^^J(B'-AC)y. 

If £*-AC ia positive, this equation represents two real 
lines, but if B^-AC is negative, the only real values of x and 
y are zero. In this case, however, it is better to say that the 
equation represents two imaginary lines. 
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For the condition that the general equation of the second 
degree shonld represent right lines, the student is referred to 
Chapter yn. 

It is, however, easy to find the angle between them if it 
does. 

Let the equation 

^x* + 2^a9 + Cy + 22>y + 2J?y -f ^9 

represent the two lines 

y = a;tan^4-5, y=«tan^+&'; 

then it mnst be equivalent to 

{y-.(a;tan^+6)} {y-(a!tan^+6')}=0; 

or y»-(tan^+tan^)a5y+a:*tan^tan^'+a5(6tan^'+6'tan^) 

-y(6 + 6') + 66'=0; 

.•. tan^+tan^ = -- , tan^tan^= . 

c c 

Now, if be the angle between these lines 

X ^ X 1^ ^ tan^~tan^' 
tan0 = tan(^.w^=- — - — — — _ 

^ ^ ' 1+tantftan^ 

< (ii + C)» ) ~ A + C ' 

We omit the ambiguity of sign, and consider to be the acute 
angle between the lines. 

If 0=^. A+C=0; 

,\ the equation ^ + Xsey - «• = 

always represents two straight lines through the origin at right 
angles to each other. 

EXAMPLES ON CHAPTEB H. 

1. If $ be the angle between the lines whose equations 
Bielx+my=d, Vx-^m'y—d' respectively, then 

W + mm! 



eoB0= 



P*+m«)*(Z'2 + TO'2)i' 
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2. iFind the area inclnded between the lines 

x=y, aj+y=0, x=€, 

3. Find that contained by the lines 

x+y=at 2a;=y+a, 2y=«+a. 

4. Find that contained by the lines 

- + |=1, y=2x+h, x=2y + a, 

5. Find that contained by the lines 
»cosa-t-ysina=p, xcoBpi-y Bixifi^q, xQOBy+y mny^-r, 

6. Find the equations to the straight lines which pass 
through the point {h, k), and form with the axes a triangle of 
given area. 

7. If the straight lines 

xooaoi-^yeoapi^Pi^ a; cosa,+y cos/3,=p,. 
have equal portions intercepted between the axes, 
Pi cose4COS/3|=p, cosa^coB/Si. 

8. Interpret the equations 

(i) xy=0, (ii) »«-y»=0, (iii) a^=a^, . 
(iv) AB{ix^+f) + (A^+B^)xy'{-Bx'{-Ay^O, 
(v) ic* cos*^-y* Bin'^=|)«-2py sin^, 

(vi) aj'+2a5V-2a^'-4y*=<>» 
(▼ii) {B»-2ay-8y« + 2a;-2y + l=0, 

(viii) iB«-4a^+5y«-6y+9=0, 

(ix) aj«-4ajy+3y« + 6y-9=0. 

9. Interpret the equations 

(i) (r»-a«)* + ^(^-«*)*=0, (ii) (r-a)« + 6«(^-a)«=0, 
(iii) (r-a)«((?-a)«+(r-6)»(^-/3)*=0. 



The Straight Line. 59 

10. The equation 

a« "*" y« '*' 6«aj» "■ P "*■ «^ "*■ o V 
represents the sides and diagonals of a parallelogram. 

11. The straight lines hisecting the angles between those 
represented by aa^-f26xy-f ^*=0 are represented by 

6({B»-y«)=(a-c)a5f. 

12. The distance of {x^^ from each of two straight lines 
throngh the origin is d, prove that the straight lines are re- 
presented by the equation (ot^ - xy^jl^ = (ob* + y*) <*• 

13. Shew that the straight lines bisecting the angles be- 
tween the lines y(A-a)=i;(«-a) and y(A + a) = /E(x-ha) are 
represented by 

{(«-ft)«+(y-Jk«)}AJk = («-A)(y-Jk>(A«-Jk«+a«). 

14. The equation 

2^-&i;y>2aE*-y+2«=:0 
represents two straight lines at right angles to ea^ other. 

15. The equation 

y* - 2a^ sec a +2^=0 
represents two straight lines including an angle a. 

16. If the equation 

ood* + ^ + 2«ae^ + 2a's -f ad'y + e^ = 
represent two parallel straight lines, ab'=ac and a^^h'e. 

17. The equation 

(^g->)(^S-)-(3*?-')* 

represents two straight lines through the point (a, /3). 

{In Questions 18 — ^25 the axes are inclined at an angle to,) 

18. Find the equation to that straight line which passes 
through the point (a, 6), and of which the portion intercepted 
between the axes is bisected at that point. 
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19. BOA is a given angle, il ^ is of fixed length and passes 
through the point {a, b) : find its equation. 

20. Find the equations to the straight lines which pass 
through the point (a, 0), and are perpendicular to the axes. 

21. Find the equations to the straight lines which pass 
through the point (0, 6), and (i) make angles d with the axis 
of Xt (ii) make angles /3 with the axis of ^. 

22. The straight lines 

Ax+By+C=0, A'x+B'y+Cr=0, 
will be perpendicular to each other if 

AA'+BB-iAB'+A'B) oos«=0. 

23. The same straight lines will be equally inclined to the 

B B* 
axis of a; in opposite directions, if-7 + -T7=2cosw. 

A A 

24. The equation 

a;' + 2sBy oos«+y* cos 2(^=0 

represents two straight lines through the origin, which make 
equal angles with the axis of x, and are perpendicular to each 
other. 

XV X ft TT 

25. If the angle between j = — and =; = — . be ^r - a;, then 

Cm I In A 

{W + mm') cos w + (Im/ + I'm) cos» (a ± {Im' - Vm) sin* w = 0. 

26. The equations 

-=A cos(^-a)+BBin(^-/3) (1), 

i=^'cos(^-a) + iB'cos(^-/3) (2), 

^=ABm{0-a)-B cos(^-/3) (3), 

-=il'sin(^-a)+B'cos(^-/3) (4), 

represent straight lines such that (3) and (4) are perpendicular 
to (I), (2). 
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27. Find the ooordinates of the point of intersection of 

the lines — =co8^^ ~ ^)' --^^y- ^)f "^^ *^« '^^ 
between them. 

28. If the hour-hand and minute-hand of a watoh be | 
of an inch and an inch in length respectively, find the distance 
of the line joining their extremities from the centre of the 
watch at half-past one o'clock. 

29. A BCD is a rectangle and P any point : straight lines 
are drawn through A, B, C, D perpendicular to PA, PB, PC, 
PD respectiyely : inroTe that two of the diagonals of the quad- 
rilateral so formed are parallel to the sides of the rectangle, 
and that the third diagomd is perpendicular to the line joining 
P with the intersection of the other two. 

80. If on the sides of a triangle, taken in turn as 
diagonals, be constructed parallelograms the sides of which 
are parallel to two fixed lines, the other diagonals of these 
parallelograms will pass through a point. 



Chapter III. The Circle. 



45. Next m simplicity to the straight line comes the 
circle: we proceed to find its equation. 

Let C be the centre, and let the radios be c. 




The Circle. 
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Let OMj PM^ the coordinates of P, any point on the 
drde, be «, y respectiyely. 

Draw CR parallel to the axis of « meeting PMmK 

Let the coordinates of C be a and h. 

Then we haye to express the condition that CP is equal 
to ^ in terms of ^ y, Oy h. 

First, let the coordinates be rectangolar. 

Then CB?^PB?=CP^. 

But CR^a-Oy PR^y-b; 

is- the equation required. 

Secondly, let the axes be inclined at an angle «. 




Then CK*+i2i*-2CK . RP cos CRP=CP*. 

But CRP=v-»; 

.-. (a'-a)' + (y-ft)'+2(a?-a)(y-ft)cos« = c» 
is the equation referred to oblique axes. 
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46. Reduction qf the equation. 

Let O and C coincide; then a=0, &=0, and the equa- 
tion becomes a?" + y* = c*. 

This is the form most generally used. 

Any results obtained for this form can be generalized 
by writing a?-a, y— 6, for x, y respectively. 

In the equation {x^ay + (y—b)*=€^, if a^+fe'sc^ the 
origin is on the curve, the equation to which becomes 

a!^ + y^ = 2{ax + bi/). 

If in addition a=0, the centre is on the axis of y, which 
is therefore a diameter. 

Similarly^ i£b=0,a=c, the axis of ;z; is a diameter. 

47. To find the condition that the general equeUuyii of 
the second degree 

Ax«+2Bxy+Cy»+2Dx4-2Ey + F=0 (1) 

shcdl represent a circle. 

If possible, let it be the equation to that circle whose 
centre is the point a, h^ and radius c. 

First, let the coordinates be rectangular. 

Then the equation must be identical with 

Divide by A and equate coefficients of xy^ y\ Xy y and 
the constant terms. Therefore 

^ = 0,-^ = 1, 



A 
22) 



-2a, 



-^-.2&, 
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The eqnatioii (1) will tli«^ore represent a circle if 
^=0y C=A, or the general equatioo to a circle is 

Hence, if the equation 

represents a cirde, the coordinates of the centre are 

-A -E 
and the radius is {D^-^-E^-F)^, 

Secondly, let the coordinates be oblique. 

The equation (a?-a)' + {y-&)*+2(;i?-a)(y-&)cos»=c* 
when expanded and rearranged becomes 

0^ + 2d^ cos « + y" - 2(a + & cos «} ;r— 2(& + a cos c»)^ 

+a*+2a6 cos «• + 6*~<;* = 0. 

Hence we must have ^ = C. -^ =:cos «. 

A 

48. To find the polar equation to a circle. 

(i) Let the centre be pole and the radius e, then the 
equatkm is evidently r»c. 

(ii) Let the pole She on the circumference, and let the 
diameter SB make an angle a with the initial line SA. 




Let the coordinates of P, any point on the circle, be r, 6. 
Join BP, 

Then SP=SBcob BSP, 

V. G. 5 
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or r=2<;coB{^-a), 

the equation required. 

(iii) Let the coordinates of the centre (7 be ^ cu 




A 

Ihen, in the triangle SCP, 

aS!/»- 2SP . SO cos PSC+ S(P- CP^=0, 
or r8-2/rcos(^-a)+/3-<^=0, 

the equation required. 

N.B. In this equation if n, n be the two values SP, 
SP* of r corresponding to any y^ue of B, we know that 

This proves that, if from any point a straight line be 
drawn cutting a circle, the rectangle contained by its seg- 
ments is constant. 

If the pole be within the circle, /' < r" and .'. TiT^ 
have opposite signs, that is, they are drawn in opposite 
directions. 

Ex. 12. 

1. Determine the radii of the circles denoted by the fol- 
lowing equations : 

(a;+2/)« + (a;-y)«=8a«, 
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2. Determine the coordinates of the centre, and the radius 
of each of the circles denoted by the following equations : 

x*+y«-2a(aB-y)=c«, 

«»+y»-8a5-4y + 4=0, 
a5'+y»=aa;, 

SB* + y«=a(fl5+a), 

3. Find the equation to the circle whose radius is a, and 
coordinates of the centre a, - a, 

4. To that whose radius is 5at and coordinates of centre 
3a, ia. 

5. To that whose radius is e, and coordinates of centre 
6+c, b-e. 

6. To that which passes through the origm and cuts off 
lengths a, b from the axes. 

7. To that which passes through the origin, and two given 
points (ajjyi), (x^^). 

8. To that -which passes through the. three points {x^i/i) , 

9. To that which passes through the three points (a, 0), 
(0, 6), (2a, 26). 

10. In questions 6 and 9 find the coordinates of the centre 
and the radius of each circle. 

11. Find the equation to the circle which has its centre 
in the line £e.=:iMJ^'lfi)aft~«ataToff chords of length 2a, 26 from 
the axes. 

12. Find the equation to the four circles whose radius is 
y/2a, and which cut off chords from each axis equal to 2a. 

13. Find the equation to the circle which passes through 
the origin and cuts off equal lengths a from the lines y=x, 
z+y=0. 

6—^ 
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14. The equation to the circle whose centre is the origin 
and radius a, the axes being inclined at an angle w, is 

05^ + 2xy cos w + y* =o*. 

15. Find the angle between the axes when the equation 

»*+ scy +y* - a (a5-Hy) - 6*=0 
represents a circle. 

Find also its radius and the coordinates of its centre. 

16. The axes being inclined at an angle w, find the equa- 
tion to «the circle which passes through the origin and the 
points (h, 0), (0, h). 

17. Find the angle between the axes when the equation 

represents a circle: find the radius and coordinates of the 
centre. 

18. If the equation 

a«(a;+y-o)«=26*fl5y 

represent a circle, determine the angle between the axes, the 
centre, and the radius. 

19. Prove analytically, Euc. m. Props. 3, 9, 14, 15. 

20. Find the polar equation to the circle which has its 

centre at the pole and outs off a chord of given length from 

the line 

rcos(^-a)=p. 

21. Prove, using polar coordinates, Euc. iii. 7, 8. 

22. If two chords of a circle intersect at right angles, the 
sum of the squares of the segments is together equal to the 
square of the diameter. 

23. Find the length of the chord of the circle 

the equation to the chord being - + ^=1. 
^ a b 
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24. The equation to the drcle whose diameter is the 
straight line joining the points (a^iyi), (x^t) ^ 

(aj-a5i)(aj-aG|) + {y-yi){y-yJ=0. 



Tavgbkt and Xobmal. 

49. We might proceed to find the equation to the 
tangent to a circle at any point from the consideration that 
it is perpendicular to the diameter through that point ; we 
will, however, give a definition of a tangent, and a method 
of finding its equation, which will be applicable to all 
curves. 

Def. Let QPQ^ be a curve, P a point on it, Q any 
other point on it; draw the secant QPR\ let Q move 




along the curve to P ; then the limiting position of the 
secant QPRy when Q moves up to and tdtimately coincides 
with P, is called the tangent to the curve QPQ' at P. 

It is evident that on whichever side of P we take Q, for 
every position of Q there is a definite position of PQ ; 
there must therefore be some position when the point Q is 
neither on one side of P nor on the othsr^ but <U P : this 
position is called the tangent at P. 

50. To find tJie equation to the tangent at any point 
qfa circle. 
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Let the point be (^i^i), and the eqoation to. the circle 

aj2 + y2=c8. (1), 

and first let us find the secant passing through the points 

The equation to the straight line through these points 
has been ah-eady found, it is (Art 23) 

y^y^Jh^l (^.^ ) (2). 

Now if the points P, Q coincide, a?, = x-^ ; ^8=^1, and the 

fraction ^ — — assumes the indeterminate form v . 

;r,— j?i - 

We have not, however, introduced the condition that 
these points should lie on the circle. 

Since ^i*+yi'=c'=^s'+yj', 

Substituting in equation (2) we obtain 

Now let Q coincide with P, or a?,=a7i, ya=yi, and the 
equation becomes 

y-yi+^'(^-^i)=o, 
y\ 

or yyi+a7a?i=yi'+a?i'=c^: 

is therefore the equation required. 

If the centre be not the origin but the point A, A;, trans- 
fer the origin to that point and we obtain 

(a?-A)(a?i-A)4-(y-A;)(yi-A;) = c*. 
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51. To find the points where the tangent cute the axes. 

Patting y and x successiyely equal to lero in the 
equation to the tangent^ we obtain 

52. Dbf. The normal to a cunre at any point is the 
perpendicular to the tangent at that point 

To find tks eqtuUion to the normal at the point (x j^). 

I 

£Rnce the normal is perpendicular to the tangent 

its equation must be 

(«-d?i)yi-(y-yi)a?i=0; (Art34.) 

or xy^-yx^-Q. 

The normal therefore passes through the centre. 

53. To find the condition that the line 

lx-k-my=d 
should touch the drde a^+y*=c^. 

The simplest method of finding the condition that a 
straight line should touch a circle is to make the perpen- 
dicular from the centre equal to the radius. 

Now the perpendicular from the origin on Ix+my = d ia 
d d 



Sa the condition required. 



==e or d'^={l^-{-m^c^ 



The straight line 4? cos ^ + ^ cos ^ = c, 
of course touches the circle, since the perpendicular from 
the origin is equal to c, and it is the simplest form of the 
equation to take in all questions in which the point of 
contact is not inrolyed. 
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The student should always consider carefully before 
beginning any problem whether the coordinates of the 
point of contact are (or are not) involved. 

54. We will give another method of finding this con- 
dition which is applicable to any curve, and agrees with 
our de6nition of a tangent 

If we eliminate y between 

lx+my=d^ 

we shall obtain a quadratic in x, the roots of which will 
give us the abscissae of the points where the line cuts the 
circle. 

If the line touch the circle, the points of section must 
coincide, and the roots become equal 

The equation /!^+m^=(/may be written 

my=d-lx. 

Multiply both sides of the equation j^+y'=^€^ by m^ 
and substitute for y ; 

.-. m^a^-{'{d-lxf=fn?i^y 

{P+m^a^-2ldx-\'d^-'mk^=0. 

If this equation has equal roots 

d^={P+m^c\ 
the condition we obtained before. 

55. To find the length qfthe tangent dratcn/^om tlie 
point xy to the circle 

x«+y2=c2. 

Let PQ be the tangent, then 



27i« Oirde. 
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enoe that expreadon which is equal to zero when the 
(a!y\ is on the circle, is equal to the square of the 
ii of the tangent from {xi/) when the point is without 
ircle. 

' the point be within the cirde, 

w^-^y^—c^ is negatiTO, 

uare root is therefore impossible ; this shews that no 
etrical tangent can be drawn to the circle from a 
within it 

I. We saw (Art 25) that if a straight line makes an 
$ with the axis of x and pass through a point (^i^i)) 
ay write x=a)i+r cos^, y=yi+rsin B, where r is the 
ice between the points (xy) and (xjyi). 

3W write these values in the equation to the circle and 
ge by powers of r ; it becomes 

r2+2(a?i cos ^+^1 sin tf) r+a^i^+y^a-c^^O. 
ence if r^^ r, be the roots of this equation 

I values of B : this proves Euc. iil d5--37. 
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Ex. 13. 

1. Write down the equations to the tangents to the drde 

which pass through the points on the circle, 

c, ; - c, - g c ; - A, *. 

2. Find the equations to the tangents to the circle . 

which have the following properties respectiyely ; 
(i) Make a given angle with the axis of x : 

(ii) Are parallel to - + ^= 1 : 

(iii) Are perpendicular to 

Ax+By+C=0: 

Qy) Pass through a given point on the axis of y : 

(v) Are at a difltance d from the point a cos a, a sina : 



(li) Gut off a triangle of area ^ from the axes. 



8. Find the condition that the lines 

Ax+By+C=0, 
y-yi = (x-Xj)iana, 
y='nx-hb, 
should touch the circle. 

4. Shew that the equation to the tangent to the circle 

s^+y*=ax-\-byf 
which passes through the origin, is 

ax-i-by=0, 

5. Prove that the circles and lines whose equations are 
here given touch each other respectively, and find the points of 
contact in each case : 
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a!^+y'+aa!+6y=0, and aa;+6y + a'+6'=0; " 
x"+y*-2aa!-2iy + 6«=0, and x=2a; 
a5"+y'-2c(a5 + y) + c*=0, the axes, and 

{z-c) coB^ + (y-c) sin^sc; 
a5"+y'=aa5 + 6y, and aa!-6y+6*=0. 

6. Find the condition that the straight line 

xooBd-^y Biii0=p 
should tonch the oirole 

a* + y«=:2(oa5 + 6y). 

7. Prove that the tangent at the point {Xiy^) to the circle 

05* + 2a^ COB « + y* = c* 
is (a5i + yiC08«)aB+(yi + a5i coBw)y=c*. 

8. Prove that the straight line 

xoosa + y C08/9=e 
will touch the circle 

a;^ + 2a^ COB (a + /?) + y»=c«. 

9. Prove that the straight line 

r cos(0-a)3:a 
touches the cirde r=a at the point a, a, 

10. Prove that the tangent to the circle 

r= Z cos (^ - o), 
at the point for which 9=/9, is 

r COB (^ + a - 2/3) = Z cob* (/5- o). 

11. Find the tangents to the circle r=l cob (0- a) at the 
pole, and at the extremity of the diameter through the pole. 

12. Determine the point of contact of that tangent to the 
circle r=l cos {6 - a) which makes an angle y with the initial 
line. 



*rty 
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57. We are often required to find the Iocob of a point 
which moves subject to some given law : no general rale 
can be given for finding the equation to such a locus ; it 
generally however results from elimination between two or 
more equations. 

We will give a few examples. 

The figures are simple, and it will be useful to the student 
to draw them for himself. 

(i) To find the locus of a point the distances of which 
from two given points are in a constant ratio. 

Let 0, ^ be the two given points, P a point on the locus. 

Take as origin, OA as axis of ac; let OA^^a^ and let the 
coordinates of P be (x, y) : let OP=mAP, 

Now OP = («« + y5)i, AP^iix- a)« + y*}4; 

(l-m«) (a;«+y*) + 2am«x-m«a«=0. 

The locus is therefore (Art. 46) a circle, of which the 
centre is on the axis of x. 

(ii) To find the locus of the intersection of two straight 
lines, which pass each through a given point and contain a given 
angle. (Of course we know from geometry that this locus is a 
circle, we will however obtain this result analytically.) 

Let ii, ^ be the given points, and let AB=2a, 

Let P be a point on the locus, and APB=a. 

Take the middle point of AB as origin, AB as axis of x. 

Let AP make an angle $ with the axis of x. 
Then its equation is (Art. 24) 

y={x-a)iaii$ (1). 

Let BP make an angle with the axis, then its equation 

y = (a; + a) tan .^ (2). 
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But 0-0=a; 

tan d - tan . 

l-^tau0tau0 
Now, from (1) and (2), 

tan^=-^, tan0= ^ 



x-a x+a 

. y( g + a)-y (g-a) 

.'. a^+y'-2aycota=a', 

the equation to the circle whoee centre is on the axis of y at a 
distance a cot a from the origin, and radius a coseo a. 

(iii) A BC is a triangle, P a point such that the sum of its 
distances from the sides is constant ; find the locus of P. 

Let the sum of the distances be c, and the equations to the 

the sides 

X cos a +y sin a=:j7, 

xcos/9+yBin)9=9, 
as cos 7 + y sin 7=r. 

Then if (as, y) be the coordinates of P, the distances of P 
from the sides are 

»coBtt+ysina-jJ, accos/J+ysin/S-^r, 2eos7+ysin7-r, 
respectiyely. 

.'. as (cos a + cos j? + cos 7) +y (sin a +Bin)8 + sin 7) =2) +g+r + c, 
the equation to a straight line. 

(iy) C is a fixed point, and through C a straight line is 
drawn to cut a fixed circle in P and Q ; find the locus of a point 
R on this line such that CR is (a) an arithmetic, (/3) a geo- 
metric, (7) a harmonic mean between CP and CQ,. 

Take the centre of the given circle as the origin of rect- 
angular axes, and let its equation be 

a!*-|-y«=c* (1). 
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Let CPQ Bttke an an^ # with the axis of s, and let the 
eoordinatea of C hek,k: then the eqvatioa to CQ may be 
wxitten 

x-k y-k ,^_^ ^^ ^. 

i= -: — i='f (AltL 39) ..^. (31, 

eo6# sm# ^ ' 

wheie r is the distanee between the points (jqr), (Al). 

Sobstitiiting the Tallies of x and jr obtained from equations 
(2) in (1), we obtain a quadi a tie in r, whieh gires the lengthn 
of CP and CQ, 

Beananging this qnadratie we get 

r«+2r(Aeostf+ftBm^+A*+iS-c>=0 (3). 

If Tj, r, be the roots of this qnadratie, and {x, y) he now the 
eoordinatM of R the point in question, and if CR=p\ then, 
since £ is on (2), 

x=ik+peo80, jr=ft+psintf. 

Now, from (3), 

Then, (a) if p be an arithmetic mean between r^ and r„ 

p='ii^=- (Aeostf+ksinfl; 

.'. ^+Apeo6 0+ibpBm0ssO, 
or («-fc)«+(y-i)*+A(«-A) + *(y-*)=0, 

the equation to the drde on (X7 as diameter. 

(/3) If /> be a geometric mean between r^ and r,, 
p«=rir, or (a;-A)«+(y-*)«=A«+ik«-c«, 
the equation to the circle whose centre is C and radius CO, 

(7) If /> be a harmonic mean between ri and r,, 

.-. 2rir,= (ri+ra)/); 
.'. fc«+*«-c«f (*ooBd+*Bin^)/)=0; 
.-. A« + ife«-c»+A(a5-A) + A;(y-fc) =0, 
or As + A;y = c*, a straight line. 
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All these looi mast pass through the points where tangents 
from C meet the circle, since at these points the valaes of r 
become equal, and therefore their means coincide with those 
equal values. 

Portions of these loci are, however, without the circle, can 
we interpret the equations in these cases ? 

If ^ in (2) have such a value that the line does not meet 
the circle, the values of r^, r, which are the roots of (3) are 
imaginary. 

Their sum and product are, however, real, and so therefore 
their means, and so we arrive at the anomaly of impossible 
points lying on a real line, and being such that the point of 
bisection of the line joining them is real. 

This anomaly arises from the fact that in symbolical 
algebra we can attach a meaning to the impossible roots of 
equations while we are unable to interpret these expressions 
geometrically. 

Our algebra is therefore more general than our geometry. 



Ex. 14. 

1. The locus of a point, the algebraic sum of whose 
distances from the sides of a polygon is constant, is a straight 
line. 

2. is a fixed point, OPQ a straight line ; if P move on a 
fixed circle through 0, and OP . OQ is constant, the locus of 
is a straight line, and if P be on a straight line, the locus 
of Q is a circle. 

8. The locus ot a point the distances of which from two 
fixed lines are in a given ratio is a straight line. 

4. ABC is a given triangle, PP' a straight line parallel 
to BO, cutting AB, AC\xiP, P' respectively; through P, P* 
straight lines are drawn perpendicular to AB, ^(7 and inter- 
secting in 2): find the locus of D. 

6. If through P, P' in the preceding problem, straight 
lines are drawn perpendicular to AC, AB intersecting in E, 
find the locus of E, 
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6. ABC is a triangle, AB ; AC iB tk given ratio ; if B moves 
along a straight line, so does C. 

7. Find the locus of a point snch that its distance from 
the line 

ac cos a + y sin a = J7, 

is a third proportional to a given line 6, and its distance from 
a given point {h, k)» 

8. AB, AC are fixed straight lines, DE a line of fixed 
length terminated by them ; from D, E are drawn perpendiculars 
to ABf AC intersecting in Pi find the locus of P, 

9. AB is a given diameter of a circle of which C is the 
centre; DE a chord such that I)CE=2a; AJ), BE intersect in 
F: prove that the locus of J? is a circle. 

10. ABC is a triangle of which BC is fixed, find the locus 
of J if tan i^= m tan C. 



. Poles Asr> Folabs. 

68. From a given point tangents are dravon to a 
circle, to find the equation to the straight line passing 
through the points of contact. 

Let A, A; be the coordinates of the given point, let 0^^, y^ 
be the coordinates of one point of contact, then the equa- 
tion to the tangent at (.ri^i) is 

but, since this passes through (A, k\ 

hx^+ky^=(^. 

Similarly, if ots, ^, be the coordinates of the other point 

of contact, 

Aa?, + A;y, = c*, 

since (A, k) lies on the tangent through (^jf/s)* 

Hence, since 

(^i» Viii (^«> yi) satisfy the equation 

hx-¥ky = c^'. 



Poles and Polars. 
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this, however, is the equation to a straight line, and smoe 
it is satisfied by the coordinates of two points, (jrj^, 
(jr^^, it is the equation of the straight line which passes 
through those points : it is therefore the equation to the 
straight line required. 

59. We have seen that when the point (A, k) is without 
the circle, the equation 




represents the chord of contact of tangents through (A, k); 
when {hy k) is on the circle, the same equation represents 
the tsmgent at {h,k); what will then this equation repre- 
sent when the point {h, k) is within the circle, so that no 
real tangents can be drawn through it to the circle ) 

It is still the equation to a straight line, and since its 
form is imchanged whatever be the position of the point 
{h, k) the equation must represent some geometrical feu^ 
whicJi are index>endent of that position. 

Let P be the point {h, k) either without, on, or within 
the circle, then the equation to OF is 



h~k 



T. O. 



(1); 

6 
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.', (Art. 34), the line 

ha;+ky=c^ 

is perpendicular to OP. 

Again, the distance of the origin from the line (2) is 

— ^— . , (Art 30). 
Now, OP=(A2+Af2)i, OL=c; 



(2) 
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therefore if in OF or OP produced we take a point B 
such that 

OR : OL :: OL : OP, 

and through R draw QRQf perpendicular to OP, the equa- 
tion to QRQf wiU be 

60. QRQf is called the polar of P : conversely, P is 
called Ukepole of QRQf. 

The polar of a point may be defined either geometri- 
cally or algebraically. 

Geometrically, thus : let be the centre of a circle, P 
any point, join OP and divide it, produced if necessary, in 
R, 80 that OR is a third proportional to OP and the 
radius : through R draw a straight line QRQ' at right 
angles to OP : this straight line is called the polar of P. 

CJonversely, let QQf be any straight Une, draw OR per- 
pendicular to QQf, and in OR, produced if necessary, 
take a point P «uch that OP is a third proportional to OR 
and the radius, then P is called the pole of QQf, 

Algd)raically : let the coordinates of any point heh,k; 
then the straight line represented by the equation 

18 called the polar of (A, k), with respect to the circle 

Conversely, let the equation to any straight line be 
thrown into the form 

then {h, k) is the pole of the line. 
Thus ; required the pole of 



Multiply by c», 



- + ? = L 
a 






6—2 
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•'• ~ > T ) &f the coordinates of the pole. 

The student is recommended to pay particular atten- 
tion to tlie preceding articles ; there is no part of the sub- 
ject which it is more necessary to understand thoroughly. 

61. If Q lies on the polar qf P, then the polar of Q 
passes through P. 

Let the coordinates of P be h, k, of Q, of, y[y then^ 
since Q is on the polar of P, Q lies on the line 

hx-¥ky=<^ (1), 

.-. ha/+ky'^i? (2). 

But the polar of {a/, y*) is 

xsf ■'t-y]/ ^c^ (3). 

In this eciuation if we put ;p=^, we get from (2), y^h. 

Therefore the point (A, A;) lies on the line (3), and con- 
versely the line (3) passes through the point (A^ U), 

62. Similarly, if the polar of Q passes through P, then 
Q lies on the polar of P. 

Let the coordinates of P be A, ky of Q, W, y\ then the 
polar of Q is 

xx' +yy'=c^', 

but, since this equation represents a straight line which 
passes through (A, k\ 

:, hai'-^kyf^c?; 

.*. x\ j/y are the coordinates of a point which satisfies the 
conditiou 

that iSi the point Q lies on the polar of P. 
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63. If the origin be not the centre, and the point 
(a, b) be the centre, we must in these equations write 
x—a, y—hj for x and y, 

64. To find the polar of the orighi with respect to the 
circle 

(a?-a)«+(y-&)«=c8. 

The polar of the point {h, k) is 

(j7-a)(A-a) + (y-&)(A;-fe)=c«, 
or (A-a)a:+(A;-fe)y-Aa-A*+a*+6*-c"=0. 
PutA=0, A;=0, then 

or + Jy = a' + 6*— c*, 
the equation required. 



Two OB MORE Circles. 

65. To find the equatirm to the straight line which 
passes through tJ^ intersection of two circles which etU 
each other. 

Let the equations to the circles be 

a^+y2_2aia?-26iy+ai«+&i»-ei«=0 (1), 

a?*+y2-.2a^-2&^+a,24-V-(.j«=o (2). 

Subtract one of these equations from the other : then 

^{(h-(h)^+^(h-h)y=(h^-(h^+h*--W''W-c/).,,(3). 

This is the equation to the straight line required, for it 
is the equation to some straight line, and it passes through 
the intersection of (1) and (2), because whenever equations 
(1) and (3) are satisfied simultaneously, equation (2) is 
satisfied also. 
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66. Let the expressions on the Uft-hand side ofeqiwr 
lions (1), (2) he denoted by S^ 8,, respectively, then equation 

(3) may he written 

Si-S,=0, or Si=S, (4). 

Let us investigate the geometrical meaning of this ex* 
pression. 

We have seen that when the circles cut one another the 
chord of intersection is represented by equations (3) or (4); 
they may however not cut one another, in which case (3) or 

(4) will still represent a straight line. 

Now we know (Art 55) that «2+^— c* is the square on 
the tangent drawn from {x, y) to the circle 

a^+y^-c^=0. 

Similarly, {x—af-\-{y- hf—i? is the square on the tan- 
gent drawn from {x, y) to the circle 

or 8 is the square of the tangent drawn from {x, y) to the 
circle S= 0. 

Hence the meaning of equation (4) is, that for all points 
represented by it, the squares on the tangents, and there- 
fore the tangentis themselves, drawn from them to the 
circles, are equal to one another. 

Hence, if we subtract the expression on the left-hand 
side of the equation to one circle from the similar expres- 
sion in the equation to another circle we get the equation 
to a straight line, and, if from any point in this straight 
line we draw tangents to the circles, these tangents wiU be 
equal to one another. 

This straight line is called the radical axis of the two 
circles. 

67. Let the equations to three circles be 
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Then the equations to the radical axes of these circles 
taken two and two together are 

At the point where the straight lines represented by 
the first two of these equations intersect, we have 

or tSg-Si^O, 

that n, the third straight line passes through the intersec- 
tion of the first two. 

Hence the three radical axes of any three chrcles meet 
in a point 

This point is called the radical centre of the three 
circles. 

68. In the equation to the circle 

(^-a)«+(y-&)2-c2=0, 

let c=0, .'. as—a-O, y-& = 0, 

the equation therefore represents the point (a, b), 

A point may therefore be considered as a circle of in- 
finitely small radius. If in the equations to two circles 
we put the radius of one equal to zero, and subtract, we 
obtain the equation to the radical axis as before, which is 
now a straight line such that tangents from any point in it 
to a circle are equal in length to the distance of that point 
from a given point. 

If both radii vanish, and both circles become points, 
the radical axis becomes the straight line, every point in 
which is equally distant from the two given points. 
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69. To find the common tangents to two circles. 
Let the equations to the two drcles be 

s^^y^=^cf (1), 

(a:-a)»+2^=c,« (2)l 

Let ;pco8^+^Bm^=jp 

be the equation to the common tangent. 
Then since this straight line tenches (1), 

Also, since it touches (2), the distance from the point 
a, 0, must be c^ 

But this distance is 

±(acos^-^), 

,*. ±(acos^T<?i)=(^; 

/. cos^=di^^-^; 
a 

a 
Hence the equation to the tangents may be written 

70. In the above equations; first, let a > c^-f c,, or 

then, since the circles do not meet, there can be f(mr 
common tangents drawn to them. 
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is the equation to the intenial tangents which cut the 
axis of a; in the point 7*, such that 



or cp= — *— a; 

Ci + C, 



and 



« (<?i - <^i) =»= y {«' - (<i - <^t)*}^ = «<^i> 
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the equations to the external tangents which cat O^^s P^~ 
duced at a point 7\ such that 

7\, T^, are called the external and internal centres of 
similitude. 

If <^+C2 > a, the two circles cut one another^ and only 
two tangents can be drawn to touch both circles. 

This is shewn analytically by one of the values of cos B 
becoming greater than 1, which shews that no angle exists 
having the required cosine. 

If q— c, > a, both values of cos B are greater than 1 ; 
in this case all the equations become irrational, or no such 
tangents can be drawn. 

In this case^ since 
therefore one circle lies entirely within the other. 



EXAMPLES ON CHAPTER IH. 

1. Write down the polars with respect to the circle 
jpS^yS—^a of ^Q following points : 

(c, e) ; (2c, 3c) ; {a-\-h,a- 6). 

2. Find the poles of the following lines : 

Ax-\-£y + C=0; - + |=2; y-yi=(x-afi) tan^; x=a; y=&. 

3. If (2 be variable in the equation lx+my=d, the locus of 
the pole is a straight line. 

4. If the pole always lie on the line - + 1= 1, the equation 

to the polar is (ox - c*) cos ^+ (6y - c^) sin ^=0, where 6 is any 
angle. 
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5. If the pole lie on the circle a^+y>z:4c', the polar will 
touch the circle si?+^=-j . 



6. Prove that all circles represented by the equation 
(«-ch)« + (y-6i)«-(?i>=Xl(x-aJ«+(y-6,)«-c,«( 

have a common radical axis. 

7. Find the radical axes and radical centre of the circles 

(«-!)•+ (y-2)«=6, 
(a;-2)« + (y-8)« = 8, 
(a;-3)«+(y-l)*=10. 

.8. The absdsse of the centres of two circles are o^ , a,, and 
the lengths of tangents from the origin 2^, Z, respectively: shew 
that the radical axis cuts the axis of x at the point whose ab- 



scissa IS 



2(01-0,)' 



9. A fixed circle is out by a series of circles, all of which 
pass through two fixed points : shew that the radical centre 
is a fixed point. 

10. Three circles have fixed centres, and their radii are 
*i+P» ''s+P» ^8+/^» ^Jiere p is variable; shew that their radi- 
cal centre lies on a fixed straight line. 

11. If a series of circles be such that the polar of a fixed 
point with reference to any one of them is a fixed straight line, 
they will have a common radical axis. 

12. The four tangents which are common to two circles 
which do not intersect, and which are terminated at the points 
of contact, have their middle points on the radical axis. 

13. Find the equations to the four common tangents to 
th6 circles x^+y^=4tc^, a' +y«-8ca;+ 16(^=0. 

14. Find the equations to the common tangents to 

a;« + ys=c», a5«+y* + a» + 2a<;=2(o + c)y. 
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15. Prove that the circles 

a5'+y«=(c+a)*, (x-a)'+y*=c' 
have only one common tangent, and find its equation. 

16. Shew that if a, /3 be the angular coordinates of the 
extremities of the chord of the circle r=c cos^, the equation to 

the chord is r cos (a + /9 - ^) = x cos (a - /9). 

17. Find the length of that chord of the circle aB'+y'=c*, 
the equation to which is - + 1=1. 

18. Find the equation to the circle whose diameter is the 
common chord of the circles a;'+y'=c' and (a;-a)* + y*=c'. 

19. Find the equation to the straight line which joins the 
centres of aj*+2a;+y2=0 and a:2+2y+y«=0. 

20. Find also the tangents at the origin to these two 
circles. 

21. Find the length of the common chord of 

(a;-a)«+(y-6)«=c«, 

(a;-6)« + (y-o)«=c», 

and hence prove that the condition that these two circles 
should touch each other is 20*= (a - h)\ 

22. Find the length of the line drawn from {h, It) making 
an angle a with the axis of x to cut the circle 

(a?-a)« + (y-6)'=c», 

and deduce the condition that it may touch the circle. 

23. Two circles, whose radii are a and 6, cut at an angle a, 
shew that the length of the common chord is 

2(jb sin a 



(a* + 2o5cosa+6«)^ 

24. If the centre of the first circle be the origin and that 
of the second on the axis of x, determine its equation. 
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25. If the chord of a circle pass through the middle point 
of a fixed chord, the tangents at its extremities cnt off equal 
intercepts from the fixed chord, measured from that middle 
point. 

26. The length of the tangent from (/, g) to the circle 

x* + y»+2-4a5 + 25y+C7=0, 
is {f+g'+2Af+2Bg+C)^. 

27. The circles aB»+y*+2(M5+6'=0, 

«"+y*+2&8+a'=0, 
ent orthogonally. 

28. Find the equations to the circles which pass through 
the point (A, k) and touch x'+y'^e*. 

29. Shew that the equation 

represents the tangents to the circle sfi+ff^ = <^ from the point 

80. If - + 1= 1 touch the circle 
a 

a? + y* +-4a; + 5y + C7= 0, 



EXAMPLES ON LOCI. 

1. ABC is a triangle, the base of which BC is fixed, and of 
length 2a, find the locus of A, when 

(i) AB''-AC*=d', 

(ii) AB^mAC, 

(iii) AB^ + AC^=(P. 

2. Ji B and C move on two parallel lines, and AB^ AC 
be inclined to those lines at angles a, /3 respectively, and 
AB—mAC, find the locus of A, 
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3. ACB^ DCE are two straight lines of given lengths 
which intersect in C, the middle point of ^^; DE is fixed, 
and AB moves parallel to itself : if AD meet ££ in F, find the 
locus of jP. 

4 ABC is a triangle, DE a straight line parallel to the 
base ; BE^ CD intersect in P : find the locns of P, 

5. ABf AC are fixed straight lines, DE a straight line snch 
that AD+AE=l; P is & point in DE such that DP=fAEP: 
find the locns of P. 

6. -4 is a given point, P a point on a fixed circle: ^P is 
divided in Q so that AQ^mPQ: shew that the locus of Q is 
a cirdei 

7. A straight line through a point R cuts two fixed circles 
in P, P', Q, Of respectively : if i2P. RP'=fjJiQ,IlQ', find the 
locus of Jt, 

8. A circle of given radius moves so that its radical axis 
^th reference to a fixed circle always passes through a fixed 
point : shew that its centre is on a circle of which the fixed 
point is centre. 

9. If a chord of x^+y^=c^ touch the circld 

(a;-a)« + (y-6)«=rf«, 
the locus of its middle point is 

(a-a 4- y« _ aa; - by)^ = cT* (aJ* +y^). 

10. From a point P perpendiculars are drawn to the sides 
of a regular polygon of n sides : if ihe sum of the squares on 
these perpendiculars be constant, the locus of the point P is a 
circle. 
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71. A conic section is the locus of a point, the distance 
of which from a fixed point is in a constant ratio to its dis* 
tance from a fixed straight line. 

The fixed point is called the focuSj the fixed straight 
line the directrix^ the fixed ratio the eccentricity, 

A conic section is generally called a conic, for short^ 
ness. There are three kinds of conies, according as the 
eccentricity is equal to, less than, or greater than, unity. 
When the eccentricity is unity, the conic is called a paror- 
boloy when less than unity, an ellipse, when greater, a 
hyperbolch 

A conic section is so called, because if a right cone be 
cut by a plane which does not pass through the vertex, and 
is not perpendicular to its axis, the section is always one of 
these currea 

The perpendicular from the focus on the directrix is 
called the cucis, the chord through the focus perpendicular 
to the axis the latus rectum, the straight line joining the 
focus with any point the radius vector, the point where the 
axis meets the curre the vertex of the conic. 

Many properties are common to all conies, and are most 
easily deduced from the polar equation. 

In drawing the figures, certain letters are always used 
in certain positions : thus the focus is always denoted by S, 
and the vertex, or point in which SL, the perpendicular on 
the directrix, cuts the curve, is denoted by A, 
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Any point on the conic is nsoally denoted by P, 

The eccentricity is nsoally denoted by the letter e. 

Thus, LM\a the directrix, SP the radins Tector of P, 
LX the axis, BSB the latns rectum, and SP—e . PM, 

72. To find the polar equation to a conic. 

Let S (in the preceding figore) be the focns, SL the 
axis, LM the directrix, P any point on the conic. 

Draw PMj PiV perpendicular to the directrix and axis 
respectively, and let 

SP=r, LSP=3, SL=c, 

Then SP=^e.PM=€,LN=e{SL'\-SN). 

Now SN=:SP cos PSX= - r cos ^ ; 

/. r=«(c-rcos^, or r(l + «cos^)=e<?; 
ec 



r= 



1 + 6 cos 



^, the equation required. 



and 



Focal Properties of Conies. p7 

Let BSBf, the latos rectam, be denoted by 2i ; 

I 



r= 



r+TcofiTS' 



73. Focal propertiea (i) The curve is symmetrical 
with respect to the axis, for if we change $ into ^$, the 
value of r is unaltered. 

Hence if we draw PN perpendicular to the axis, and 
produce it to P', so that P^N^PN, P' is a point on 
the curve. 

(ii) The least value of r is when ^ = 0, that is SA. 
For -i a is least when cos ^ is greatest, that is 

1+6COS0 ^ ^ 



when ^=0, r= 



l+e' 



This result may be obtained geometrically thus. 

Divide SL in A ao that SA : AL ::e :l, then ^ is a 
point on the curve. 




Now 



V.G. 



SA : SL ::e : H-«; 
ee I 



:. SA = 



l+e l+e' 
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(iii) The latns rectum is doable the harmoiuo mean be- 
tween the segments of any focal chord. 

Let PSP' be any focal chord ; (see fig. on preceding 
page). 

Let LSP=3, and .-. LSP'^Tr-B. 

Let /SP=r, SP'=t'; 

. ^^ / ^^ I ^ I 

l+«cos^' l + ^cosCir-^**!— «cos^' 

.1+1=2 
•• rr' I' 

or / is the harmonic mean between r and /• 

74. To find the equaiion to the directrix. 

Let 3f, in the preceding fijgure be any point (r, B\ on 
the directrix. 

Then SM cos MSL = «SX, 

or rcos^=— , 

e 

—=eco8 6, the equation required. 

75. To find the equations to a chord and to a tangent. 

Let P, p be the two points on the curve (ri^i) {r^^ 
through which the chord passes, (r, 0) the coordinates of 
any other point Q on the chord; then (Art 35) the equa- 
tion to Pp is 

8m(^,-^,) ^ sin(^.-^ ^ 8in(^-^0 _^ 

Now multiply by /and write l+ecos^i, l + ecostf,, for 
- , — , respectively. 
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-- 8m(^i-^^+smi 



= -2i 



The equation becomes 

+ 8m(^-^i)(l+«cOB^j)=0 (ii). 

Now 8ill(^t-^(l+«COS^l) + 8i2l(^-^l)(l+«C08^J 
-28m ^ * C08( ^ 2"^] 

+ «{co8^i8in(^,-^ + cos ^j sin (^-^i)} 
= -28in^^~*co8(^--^^)-«co8<98in(<9i-^,) 

= -28in^*jc08(^^^^-^«) + «C08^C0S^^«^^ 

Hence, substituting in (ii), and dividing by sinC^i-^a), 
the equation becomes 

-=cosfg- ^ ' J sec ^ ' 4-gcosg. 

In this equation to the chord put B^=Oi\ then r2=ri, 

7—2 
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and the chord becomes the tangent ; the equation there- 
fore becomes 

— = cos (^- ^l) + 6C08 A 

76. From these equations we can obtain various im- 
portant properties of the curve. 

For instance we can prove 

(i) If a chord Pp cut the directrix in Z and QS bisect 
the angle PSp, QSZ is a right angle. 

(ii) If the tangent at P cut the. directrix in Z, ZSP is 
a right angle. 

(iii) If TPy TQ be the tangents at P, Q respectively, 
TSP=TSQ. 

(i) Let the equation to Pp be 
— =cos(^ — ^'Jsec ^ * -t-gco6^; /. ASQ= \ . * . 

Now the equation to the directrix is - =« con ^ ; 

0- ^^ M = 0; 
... ^^^i±^«=:^, or ZS^Q is a right angle. 

(ii) Next let ^s = ^i9 ^^^^ ^^ chord becomes the 
tangent at P, and we have at Z, gos(^— ^|)=0, therefore 

^.-^j=^, or ZS!P is a right angle. 

(iii) Let the equations to the tangents TP, TQ be 
— =cos (^— ^i) + e cos By 

-~=coB(B—6^+eco8B. 



Foccd Propertiea of Conies. 
Subtract, and we haye, at T, 

now 6i is not equal to B^, 

... tf =^±^» , that is TSP=^ TSQ. 
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77. JSfTtMi^tbn r^erred to rectangular axes. 



In the equation 



-=1+«C0B^, 

r 



write ir-^ for ^, so that PSX=6, and multiply by r, the 
equation becomes 

r=/+«rcoB^. 
Now square and write ^+y* for r*, x for r cos^; 

or (l-«^«2-2fe«+y«=/*, 

the equation required. 

78. This equation may easily be obtained from the 
definition of a conic, remembering that l=ec. 
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Let P be a point on the curye ; .-. SP=^e . PM. 




or (l-^«'-2^ftp+2/*=e'c', asbefora 

79. JEqitation rtferred to axis and tangent at vertex. 

Let ns transform the origin to the point A, without 
altering the direction of the axes. 



Now 



SA^ 



ee 



! + «• 



ee 



We must therefore write x- ^^ for « in the preceding 

l + e 

equation which becomes 

or y«=2to-(l-6")a?'. 

This equation may be written 

y^=2lx-\-na^, 

where n=^-l, and is therefore negative for the ellipse, 
zero for the parabola, positive for the hyperbola. 



Focal Properties of Conies, 
In this equation if a=0, ^=0. 
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The axis of y therefore cuts the corye in two coincident 
points at the origin, that is, it is the tangent at the origin. 

80. If P be a point on a conic, the straight line AP 
lies within the conic* 

Let AN, PNf the coordinates of P, be A, k, and those 
of Q, any point on the conic, j/, f/ ; let QR meet AP in q 
(^V), and let the equations to the conic and to AP be 

y=mx, respectively; 




then 
Now 



f»W=2/A+nA", .'. h 



21 



21 



m^—n 



y 24 . 



21 



This is positive if ob < —f— < h, negative if *' > A, 

that is, AP lies within the curve, which is therefore of the 
form represented in the figure. 
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81. If from a point O straight lines OPp, OQq be 
drawn in fixed directions, catting a conic in P, p^ Q^ q, then 
OP. Op ; Oft. Oq is independent of the position of O, 

Let OPp, OQq make angles a, p respectively with the 
axis of Of, and let Uie coordinates of O be A, k. 

Then along OP, j?=A+rcosa, y=A;+r8ina; 

therefore substituting in the equation to the conic 

y^ =2laf-hna^, 
and rearranging 

r* (sin* a—n cos* o) + 2r {^ sin o - (/ + n/t) cos a} 
therefore OP . Op = the product of the roots of this equation, 

"sin'o— nco8*o' 

i^^ /I A^-2;A-wA* 
so OQ.Og=-^y 



sin'jS— ncos^jS* 

. OP, Op sin'iS-wcos^fi v. i. . . j j j. 

• • r^rT—rf = » 9 o^ , which IS mdependcut 

OQ . Oq sitf o-« cos^ a ' *^ 

of h and A;. 

Gob. If a circle cut a conic in P, Q^p, q, and these 
points be joined, the pairs of chords so formed are equaUy 
inclined to the axi^. 

For let any. pair intersect in 0, and make angles a, (i 
with the axis, then 

OP.Op^OQ.Oq; .-. tan«a=tan«^; .•.a=-ft 

for it cannot be p, since the tangents intersect. 

EXAMPLES ON CHAPTER IV. 

1. If, in the conio -=: l + « cos 0, r, r^ he the lengths of two 
radii yectores at right angles to each other, 
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2. If the angle between the focal distanoes of two points 
on the conio be a, the tangents at those points will intersect 
on the conio 

J « 

-scos^r+eoos^. 

r 2 

What is the eeoentrioitj of this conic, and how is it 
situated? "^ 

8. P is a point on the conic 

r 
PT the tangent at P, if PST^a, the locos of T is a conic 

4. Shew that the equation to the normal at {r^0^ is 
r sin (^ - ^i) =e (r sin ^ - r^ sin 0J, and hence that if the nonnal 
at P cat the axis in O, 

8P=€.8G. 

5. The equation 

-sseoB{0-$i)+eeoB$ 

represents the polar of (r^ , ^J with respect to the curve 

-=:! + « COB ^. 

r 

6. The equation to the tangent to the curve ^=21x+m^, 
at the point Xj^i , is 

7. The equation to the normal to the same curve at the 
same point is 

(r+fia5i)y+ajyi={i+(n+l)a5i}yi. 

8. If a drde touch a conio at P, and cut it in Q, g, prove 
that PQt Pq make equal angles with the axis, as also do 
Qq and the tangent at P. 

9. PQ is a chord which subtends a right angle at A : 
prove that it always passes through a fixed point on the axis. 

10. iST is a fixed point on a conic ; PQ a chord ; if PKQ 
be a right angle, PQ passes through a fixed point on the 
normal at K» 



Chapter V. The Parabola. 



82. In the equation in Art 77, put 6=1, the carve be- 
comes a parabola, and its equation becomes 

since e-^l, l^c^ SA=AL=^SL, 

Let l=i2a, then the equation becomes 




where a is the distance between the focus and vertex, and 
tho latus rectum =4a 
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83. To trace the form qfthe parabola from iti eqiM" 
turn. 



Since ^s>4a;ar, or 






X cannot be negatiTe, that Is, the cnrye lies wholly on the 
poflitiYe side of the axis of y. 

Since ^=4aa?, y= ± 2 {fl»)\ 

tiierefore, since this equation is unaltered if we write— y 
for y, to every point P on the corye on the positiTO side of 
the axis there corresponds another pomt P^ on the nega- 
tive side, soch that P'N^PN. 

The corye is therefore symmetrical with respect to the 
axisof^ 

Again, if x=0\ y^O, and has no other yalue, therefore 
the corre does not cat either axis at any other point besides 
the origin. 

Also, the greater value we give to or, the greater value 
we get for y, and when x is infinite y is infinite, hence the 
curve goes <^ to an infinite distance on each side of the 
axis of ^. 

84. To find the diitanee qf any pomt from the 
focus. 

Let P be any pmnt on the curves 

then 8P=PM 

=LN 

Ex. 15. 

1. If the distance of a point from the foens be egual to tlie 
lotus rectum, then its abscissa is equal to da. 
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2. Froye that the length of a side of an eqnflateral tri- 
angle inscribed in a parabola, so that one angle coincides with 
the vertex, is 8 VBo. 

8. Find the length of the side of an eqnilateral triangle of 
which one angle coincides with the focus, and the others lie on 
the parabola y^^iax, 

4. A doable ordinate PN?* of a parabola =80^ prove that 
AN=ia, and that PAP' is a right angle. 

5. If a circle pass throngh a fixed point and touch a fixed 
straight line, its centre lies on a parabola. 

6. The diameter of the circle passing through the vertex 
and the extremities of the latus rectum is five-fourths of the 
latus rectum. 

7. Two parabolas have the same axis and vertex, but the 
latus rectum of one is double that of the other ; prove that any 
chord of the greater passing through the common vertex is 
bisected by the lesser parabola. 

8. If (^B^yJ, (os^^s), be two points on the parabola y*=4ax, 
andaB|-sBi=a, yiy2=a^t determine o^, y^, oe,, y^. 

0. Prove that the area of a triangle inscribed in the 
parabola y*=4ax is 

g^(yi-y«)(yj-y8)(y8-yi). 

where ^n ^i, yg* are the ordinates of the angular points. 

10. If a circle cut a parabola in four points, the algebraic 
sum of their ordinates is zero. 

85. To find the equoation to the tangent at any point 
qf a parabola. 

Since the equation to the parabola is essentially unsym- 
metrical, it is convenient in problems respecting it to use 
the unsymmetrical form of the equation to a straight line, 

y=ma?4-c. 
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Let (a?!, y^, (^t, y^, be two points P and Q on a para- 
bola, then the equation to the straight line joining them is 

but since these points are on the parabola^ 

yi*=4aafi, yf^^ax^\ 

the equation to the straight line joining {Xi^ y^^ {x^^ y^, 
becomes therefore 



y-tfi 



4a 



(X-'X^ 



In this equation, multiply by yi-^y^ 

then y(yi+y^-yi*-yi3/2=4a(X''X^, 

or, remembering that yi=4axi , 

y(yi+yj)-yiy«=4ap. 

Now let Q move up to P, and therefore x^-jpu 
y^-Vii ^^^ PQ becomes the tangent at P, and the equa- 
tion becomes 

^yyi-y^=4ax, 

or, 2yyi=4a(a?+a?i), 
yyx=^i{x+x^\ 
the equation required. 
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86. In this eqnation put y=0, 

therefore the tangent FT cuts the axis at a point Tsack 
th&t A T= AN. 

Now ST=AS+AT=a'¥Xi=SP, 

:.8PT^STP=TPM, 
the tangent therefore bisects the angle MPS. 

87. To find the equaUon k> the tangent to a parabola 
in terms qf the tangent qf the angle it makes noith the 
axis. 

Let the -line y = mx + e 

cut the x)arabola ^ = Aax^ 

then we shall find the abscissse of the pomts of intersection 
by substituting for y in this equation, and finding the roots 
of the quadratic 

(fiM?+c)'=4a4?. 

Now if the straight line touch the parabola, these roots 
must be equal ; 

/. i»V+2(mc-2a)4?+c*=0, 
must have equal roots ; 

therefore the straight line 

or y=ii?tand+acot^, 

touches the parabola y^=4ax. 
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This equation may be written 

. a 
' m 

This form of the equation is often nseful in problems 
which do not infolye the coordinates of the point of con- 
tact 

Examine: 

Tangenii at right anglei inteneet in the directrix. 

Let y=tiM:+— , 

. ^ 

91 

be the equations to the tangents ; then since they are at 
right angles to each other, 

1 

... y=.(2 + ma), 

is the equation to the tangent at right angles to the first 
Subtract this equation from that to the firsts then 

(a?+a)rw+-j=0; 

now m+— cannot vanish, 
m 

,\a=-a, 
the equation to the directrix. ^ 

88. To find the coordinates of the point qf contact. 
Let (a!i»XiB-^acotfff=f^=4aa!j 
.'. atuid^aooid^O, 
x=acot*6. 
Similarly y=2acot^ 
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89. To find the loetu qf the point in which the per- 
pendicular from the foctu on the tangent meete that 
tangent 

Let the equation to the tangent be 

y=«w?+^ (^^' 

then the equation to the straight line through (a, 0) per- 
pendicular to (1) is 

my+x=a, or y+— = -- . 

At the intersection of these two straight lines we must 
have 



d?(i»+-J=0, .'. a?=0. 



This is the equation to the tangent at the vertex (Art 
79) : hence the locus of the foot of the perpendicular from 
the focus on a tangent is the tangent at the vertex. 

90. To find the equation to the normal cU any point 
qfa parabola. 

Let Xi, Vi be the coordinates of the point, then 

is the equation to the tangent at {x^y y^ therefore the 
equation to the straight line through {pBi, y^ perpendicular 
to this tangent must be 

the required equation to the normaL 

91. Let PT, PG, be the tangent and normal at P, 
then TN is called the subtangent, NG the subnoimal. 
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T A S N 



G 



In the equation to the normal 

2a(y-yi)+yi(«-iPi)=o, 

put y=0; 

.'. a?-a7i=2a, or NG=2a, 

Now SG^SN+NG=a!-a+2a=x+a=SP=ST; 

therefore the circle described on 6^ 2* as diameter will pass 
through P and have S for its centre. 

92. To find ihs equation to the normal in terms of the 
tangent cf the angle it makes with the axis qfa. 

The equation to the normal may be written 

^ 2a ^^ 2a 

Let -^^=m, then 
^a 

.% y=i»{;i?-a(24-m*)} 

is the equation required. If however m be the angle 
which the tangent at P makes with the axir, we must 

write for m in this equation. 

m 



V. o. 



8 
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93. 7b find the equation qf the chord qf contact qf 
tangents drawn through a given point. 

Let the coordinates of P be A, A:, of Q and Qf x-^^ y^ ; ^r,, y^, 
respectively j then the equation to PQ is 

andtoPQ', yya=2a(iP+a?j). 




Now since (A, k) lies on oaeh of ^ese lineSy we must 
have 

that is, {Xx, Vi), (,Xi, y^, satisfy the condition 

ky=2a{X'\-h), 

Now this is the equation to some straight line, and the 
coordinates of Q and Q' satisfy it, it is therefore tiie equa- 
tion to QQ^. 

P is called the pole of QQ^, Q^ the polar of P, and 
whether the point (A, k) be within, on, or without the 
parabola, the straight line represented by the equation 

ky=2a{x+h) 
is said to be the polar of (A, A;). 
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94. To find the pole qf a given line. 

Let the equation to the straight line be of the form 

DiTide by m and mnltiply by 20^ 

2a -, , 2a<? 
m m 

oomparing this with the equation to the polar, we get 

c 2a 

— , — as the pole of the given line. 

95. By reasoning precisely similar to that by which we 
proved the analogous proposition in the case of the circle, 
^ne may prove that if P be the pole of Q^, then the polar 
of every point on QQ^ passes through P. 

Example. The polar of the focus «, 0, is 

«+a=0, 
the directrix. 

Hence the pole of every chord through the focus lies 
on the directrix : hence also the directrix is the locus of 
the intersection of tangents at the extremities of focal 
chords : but we have proved it to be the locus of tangents 
vhich intersect at right angles: hence tangents at the 
extremities of focal <^ords intersect at right angles in the 
dii^BCtrix. 

Ex.16. 

1. The points of contact of two tangents being given, find 
thdr point of intersectioiL 

2. Find the distanees of the vertex and focus from the 

3. Two tangents make angles tan'^m, tan~^m' with the 
axis, find their point of intersection, its polar, and the point 
of intersection of the corresponding normals. 
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4. A common tangent is drawn to a parabola, and the circle 
described on its latns rectmn as diameter ; prove that the angle 
between the lines drawn from the focus to the points of contact 
is bisected by the latns rectmn. 

5. The portion of the tangent at the vertex intercepted 
between the vertex and any diameter is bisected by the tangent 
at the extremity of that diameter. 

6. If a circle pass throng the vertex and focns, cutting 
the tangent at tjiie vertex in Q, the tangent to the circle at Q 
will touch the parabola. 

7. If the tangent at P cut the axes in T, T, respectively, 

TP. TY=TN. TS. 

8. The circle described on SP as diameter touches the tan- 
gent at the vertex. 

9. Pp is a focal chord ; the circle described on Pp as dia- 
meter touches the directrix. 

10. A straight line touches the curves 

^=4ax, and a^-^-y^^c*, 
find its equation. 

11. If P, Q, be two points {x^ , yj, (a^, y,) on the parabola, 
find the coordinates of the point of intersection of the normals 
at />, Q. 

12. If PO, the normal at P, cut the curve again at p^ find 
the coordinates of |>, and the length of Pp, v 

96. 7\> find the hcus of the middle points qf parallel 
chords of a parabola. 

Let Q^R be a straight line catting the parabola in 
Q, Q! and making an angle 6 with the axis of x. 

Let V be the middle point of Qff^ and let its coordi- 
nates be af^ y\ 

Let r be the distance between V and any point {x^ y) 
onQC 



or 
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R lA 



If we substitute these values for a and y in the equation 
y*=^4aXf and rearrange, 



r'sm*d+2r(y'sintf-2acos^+y^-4flw<=0. 



.(1). 



Now if r be the middle point of QC, the values of r 
obtained from this equation must be equal and opposite ; 

/. jf'sin^— 2aco8^=0, ory'=2acot^, 

the equation to a straight line parallel to the axis. 

Now let ike chord QQ^ move parallel to itself till 
Q, Q! coincide, then the chord becomes the tangent at P. 

Hence the middle points of all chords parallel to a 
tangent lie on the straight line parallel to the axis through 
the point of contact. 

Such a straight line is called a diameter, and the 
chords it bisects are called the ordinates of that diameter. 
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Since (see fig. ef Art 8fi), 8Y^.PT, 

:, SYA=YTA = e, 
,\ SY=acoaecB, SP=SYcosecB=ac(yse<^B. 
4tSP is called the parameter of the diameter P V. 

97. To find the equation to the parabola, r^erred to a 
diameter and the tangent at its extremity as axes. 




R (A 



Let the coordinates of a point Q be (xy) when re- 
ferred to the axes, and {X Y) when referred to the diameter 
PFas axis of x, and to the tangent at P, (which is paral- 
lel to QQf) as axis of ^; let the coordinates of F be y. y^ 
referred to the dd axes, then in equation (1) of the pre- 
ceding article we may write Y for r. 

Now PV=X, and y^=4a(x^-X), since af-X, if are 
the coordinates of P re^nred to the old axea^ 

Hence remembering that the coefficient of r in equation 
(1) of preceding article is zero^ we haye 



or 



F»8in2d=4aX, 
y«=4acosec*^.X 
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H SP^af Hiis becomes F*=4a'X, the equation re- 
quired. 

The equation to the tangent at afy' is stiU 

sfaioe the. investigation of Art* 85 does not depend on, the 
the yalne of a. 

98. The polar equations to a conic section, and to the 
tangent, become, in the case of the parabola, 

/ $ 

- = l+cos^, or r=asec*-i 

and, -s:;eo8(d-^i)+cos^, respectively. 



EXAMPLES ON CHAPTEB V. 

1. If P be any point on a parabola, and PK drawn per- 
pendioalar to AP out the axis in JT, then NK is equal to the 
latos reotmn. 

a. If SPQ is an eqtiilateral triangle, 8P is equal to the 
latusxeetum. 

8. If GLififP, thenPIr«2a. 

4. Find the equations to the oommon chords of the curves 

y':s4<u6, a5'+y'=2ca5. 

5. If PM be the perpendicular on the directrix from P, 

SM*=4a.SP. 

6. If P;p be a focal chord, the triangle PAp x (Pp)^. 

7. TlPphoA focal c^ord, and the timgent at Q be parallel 
U> it, 8P , Sp^n . SQ, 

6. If Pj> be a focal chord, and Q, g, its points of inter- 
section with the circle whose centre is S and radius SA^ then 

PQ.pq^aK 
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9. If Pp be a focal chord, Q V the diameter bisectmg it» 

SQ=QV, and PV=2SQ, 

10. A circle tenches a parabola at A, cuts it at B, C, and 
onts the axis in E : BC cuts the axis in i> : if DE be bisected 
in K, BK is the normal at B» 

11. BG, CD are two chords, snch that the lengths of the 
diameters intercepted between their middle points E, P and the 
curve are equal : prove that EF is parallel to the tangent at C. 

12. Two equal parabolas have the same axis, and a chord 
Qq of the one making a constant angle with the axis outs the 
other in P; prove that PQ . Pq is constant. 

13. QT, qT are two tangents, and Q,q is bisected in F, 
prove that T lies on the diameter through F, and that if this 
diameter cut the curve in P, PT=PV, 

14. If there are three tangents to a parabola, the triangle 
formed by their intersections is half that whose angular points 
are the points of contact. 

15. Two parabolas have their axes perpendicular to each 
other ; prove that if they out each other in four points, these 
points will lie on a circle. 

16. Three parabolas, whose axes are parallel to each other, 
intersect ; prove that their common chords are concurrent. 

17. PQ is a chord through a given point 0; prove that 
PO . OQ is least when PQ is perpendicular to the axis. 

18. On any chord of a parabola as diameter a circle is de- 
scribed, cutting the curve again in two points: if these two 
points be joined, the portion of the axis intercepted between 
these two chords is equal to the latus rectum. 

19. PSQ is a focal chord, QNQ^ a double ordinate of the 
axis ; prove that PQf passes through the foot of the directrix. 

20. If a triangle be inscribed in a parabola, and a similar 
one described about it, the sides of the former are four times 
those of the latter. 

21. Two normals meet in at right angles ; ON is drawn 
perpendicular to the axis, and NQ measured along the axis 
towards the vertex equal to a : QO is a normal 
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22. Two tangents to the parabola y*3 4aa;, are 

y=xiAXL$^ +aoot^i, 
y=xtan^, +acot^,, 
find the loons of their intersection when oot 0^ + oot O^^k, 

23. Find the loons, when cot $^ - cot ^, = h, 

24. Find the locns» when tan B-^ . tan 6^ = h, 

25. Find the locus, when sin 0^ . sin ^, = k. 

26. If a straight line be drawn from the foons cutting the 
tangent y=xtan^+acot ^ at an angle a» it will intersect it 
in the tangent 

y=aBtana+a cot a. 

27. Two normals to a parabola are always at right angles, 
find the locus of their intersection. 

28. The point of intersection of the perpendicular from 
the focus on any normal to ^=4adE, lies on the parabola 
y>=a(a;— a). 

29. Find the locus of the vertex of a parabola which has a 
given focus and touches a given straight line. 

80. In the radius vector SP, 8Q=AN; find the locus 
of Q. 

81. If Q be on the focal chord Pp, and SQ=Ppf find the 
locus of Q. 

82. Given a diameter and its tangent, find the locus of the 
focus. 

88. Find also the locus of the vertex. 

84. The poles of all straight lines through the foot of the 
directrix lie on the latus rectum. 

85. The pole of any tangent to the parabola y*=iax, with 
respect to the circle si^'\-y*=<^, lies on the parabola 

86. The area and base of a triangle being given, find the 
locus of the intersection of perpendiculars from the extremities 
of the base on the opposite sides. 
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87. Find the locus of the centre of a circle inscribed in a 
sector of a given circle, one of the radii of the sector being 
fixed. 

88. ii is the origin^ JB a point on the axis of y^ BQ a line 
parallel to the axis of a; ; in AQ^ P is taken such that its ordi- 
nate is equal to BQ : find the locus of P, 

89. Find the locus of the centre of a circle whiflb touches 
a given circle and given line. 

40. 8T ia the perpendicular from the focus on the tangent 
PT, find the locus of the centre of the circle circumscribing 
8YP, 

41. Find the locus of the focus of & parabola, which has a 
given vertex and touches a given line. 

42. A parabola touches two given straight lines, and has 
the direction of its axis fiixed : the locus of the focus is a 
straight line. 

43. TPR is a straight line bisected at P, of which T lies 
on the tangent at the vertex, P on the parabola, and B on the 
axis ; prove that TPR touches another parabola. 

44. The locus of points from which pairs of tangents inter- 
cept constant lengths on the tangent at the vertex, is an equal 
parabola with the same axis. 

45. Two equal parabolas have the same axis and vertex, 
but are turned in opposite directions : chords of one are tan- 
gents to the other : shew that the locus of the middle points of 
these phords is a parabola, whose latus rectum is one-third of 
that of either parabohk 
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99. Wb have seen (Art. 77) tiiat the equation to a 
conic referred to the axis and latos rectnm as axes is 

(l-€^«»-2««<?a?+j/«-«»c»=0 (1), 

where e is the eccentricity and c the perpendicular from 
the focus on the directrix : this equation can be made more 
simple, and the properties of the curve more easily investi- 
gated, by transformation. Change the origin to the point 
on the axis of ^ at a distance h from the old origin, then 
we must write x-^h for x in equation (1), y remaining 
unaltered. 

Expand, and rearrange by powers of x ; then the equa- 
tion becomes 

(l-d«)a;«+y"+2ar{(l-««)A-««c}+(l-«^A2-2^cA-«V=0. 

If now we put ^=^—^9 the coefficient of a vanishes, 
and the equation becomes 

or (l-0'^+(l-Oy'=«V- 

In this equation, if «< 1, let 

ee ^ 1. 



l-<5»"^* {l-e^^ 
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and it becomes, dividing by ^', 



If^>llet 






ec__ ec _, 



and the equation becomes 

These equations represent the ellipse and hyperbola 
respectiyely. 

100. We have now to discuss the ellipse and hyperbola 
whose equations are 






respectively. 

We will first determine the shape of these curves, then 
discuss the properties in which they agree, and afterwards 
those in which they differ. 

It is obvious that if in any result in the ellipse we 
obtain an expression involving b^, we shall obtain the 
corresponding expression for the hyperbola by changing 
the sign of b\ but if we obtain an expression involving b 
we shall not get any corresponding expression for the 
hyperbola, since we should have to substitute the im- 
possible quantity &>/— 1 for &. 

101. Definition. If there be a point such that all 
chords of a curve drawn through that point are bisected in 
it, that point is called the centre of the curve, and chords 
drawn through it are called diameters. 

The origin is the centre, and chords through the origin 
diameters. 



Central Conies, 
Let P be the point {xy) on either of the cnrreB 
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Then siDce this equation is not changed if we write 
-Xy-y for ar, y, (— ^,— y) is also a point on the curve, 
tlmt is, if P' be Uie point in which PC produced cuts the 
curve, 



and 



CM'=GM, P'M'^PMi 
.', CP'=CP; 

.*. C is the centre. 



102. To examine the form of the curve represented by 
the equation, 

Since the equation only involves the squares of x and y, 
it will be unaltered if we substitute either -;i?, or-y, or 
both, for X and y. 

It is therefore symmetrical with respect to the axes of 
X and y, that is, the axes divide it into four equal and 
bimilar portions. 

Since the equation may be put into the form 
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the cuire has therefore no infinite *^ 



n^possible; 
ii entirely 




contained in the rectan^e whose sides are tke staiglit 
lines represented by the eqimtionsy 

In the equation i + lb = 1> 

as X increases from to ^o, y diminishes &om ^6 to 0, 
the carve must therefore be of the form represented in tbe 
figure, where 

AA% BB are called the major and minor axee, or some- 
times the tocnsverse and ooigugate axes. 

103. To examine the form of the hyperbola^ ?iioM 
equation is 

This equation to the curve may be written 
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Here for eyery Talue of y there correspond two valaes 
of X equal but of opposite signs, but if a?*<a^ y is im* 
possible : x and y may both increase without limit. 

Hence the curve extends indefinitely on both sides of 
the axes, and no part of it Ss indiided between the lines 
a?=a, a?= —a. 




Take C the <9entre as origin, CX, CY the axes, make 
CAj CA! each equal to a, CR^ CU to 6, then the curve 
passes through A^ A\ 

A A' is called the transverse axis, BB the coiyugate 
axis. 

Let y-x\»XLB be the equation to any diameter, then> 
substituting in the equaticm to the curve, 



J\ tan*d\ , 



a^^~W' ortand>±::. 



h 

a 



X is impossible. 
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Through A draw LAL' perpendicular to CA, and 
through B, B, BL, BL' parallel to CA ; join CZ, CL and 
produce these lines both ways to any distance, then 

tanZC^=-, 

therefore the curve lies wholly between the lines LC, L'C. 
These straight lines, the equation to which may be written 

are called the asymptotes to the hyperbola: their proper- 
ties will be inyestigated hereafter. 

Since for every point P there is another point P* such 
that CP=^CPy the curve must have two branches, passing 
through the points A^ A respectively, and be of the form 
represented in the figure. 

104. Since (7/^ or A= j^ , which is positive if « < 1, 

negative if a > 1, /Slies between A and C7iu the ellipse, but 
A is between 8 and C in the hyperbola. 



Again,/S'(7=A=j-— 3=ea in both curves: therefore, if 

L be the foot of the directrix, 

.-. SC : AC :: 8A : AL; 

.-. SC^AS : AC^AL :: SA : AL, 

or AC : CL :: SA : AL :: CS : CA, 

CL.CS=CA^; 

.*. C/L = " . 

e 

Again, since in the ellipse 

ec , ec 






Central Conies. 
So in the hyperbola «■= - . 
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a* 



Agam if / be the semi-latus rectum, l=ec-- , 

These formuIeB, connecting a^bye and /, are of constant 
use in the solution of problems. 

105. Since to eyerj point P on one side of the axis of 
]/ there corresponds a point P^ on the other side at an 
equal distance, to the focus S and directrix LM there 
must correspond another focus S' and directrix L'M\ such 
that C£r= OS &nd CL' = CL. 

106. To express the focal distances qf any point in 
terms qfthe abscissa qf the point. 

Let P be a point (xy) on either curve, CN^-x^ PN=y, 

Draw MPM' parallel to the axis cutting the directrices 
in M, M' respectively. Join SP, S'P, 




Then SP=z€.PM,S'P = e.PM'; 

/. in the ellipse SP + S'P = eMM' = cLL\ 

ButZr = 2CX-2-, :. SP + S'P=^2a, 

e' 

Ag8AxiySP=-e,PM=e.NL=^e{CL + CN) 

= e( -^xj^a + exy 

S'P^a-ex. 
V. 0. 9 
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So, in the hyperbola S'P-SP^e . MM'^2a, 

SP'^e.PM=€x-a, 
S'P=ex+a. 



\ 


m' 


U^ 




,4^ 




1 


7 


li C L 


ilXH 8 



Cob. lniiieem]^SB=a,SB^S'B. 



107. ^%^ auxiliary circle. 
The equation to the ellipse 



may be pat in the form 



»«=|(a'-«'). 



Here for any yalne of a; we hare two eqoal and oppodte 
Talues of y. 

Let AQB" be the cirde described on the axis m^jor as 
diameter, then the equation to this circle is 



or 
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Lot CN=:a!: divide QNin P ao that PN-'-QN. Then 
PN= ^ («•-«*)*, that is, P is a point on the ellipse. 




Hence, if on the axis major of an elUpse as diameter a 
cirole be described, the ellipse will cot all its ordinates in 



a 



the ratio ? . This circle is called the auxiliary drda 

The circle described on the transTersc axis of the 
hyperbola has the same name. 



108. Polar equation to a central conic Centre pole. 



In the equation 






write r cos^ for a, r sin ^ for y^ and divide by r^ ; 



1 _ co8»^ sin^ 
r*" a^ ^ b^ ' 



^^^ 
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lSowl^= :& II? (l-^;tiiereforetliiseqiiaikmiiimjbe written 



or 



r*" a«(l-^ 



In the eDipse e<ly therefore r is poeable for all Talnes 
of ^; r isgres^test when 1 -^coe'd is l&iat, that is when d^O 
or w : the axis major is therefore the greatest diameter of 
the ellipse, and the axis minor is the least) and the diameter 
which makes a greater angle with the axis miyor is less 
than one which makes a lesser angle. 

In the hyperfoi^ e>l, therefore we may write 

1 g^c os^^-l 

Hence if cos'^<^, r is impossibly and the least Talue 

of r is when cos S= 1, the transrerse axis is therefore the 
least diameter of a hyperbola, a diameter increases as the 
angle it makes with the axis increases, and if this angle 

if greater than cos*^ - , the diameter does not meet the 

hyperbola in real points. 

1 09. Let P be a point on the ellipse, PN perpendicnlar 
to ^C : produce NP to cat the auxiliary circle in Q, join 
OQf and draw PFE parallel to CQ to cut the axes in F, E, 
retpectlYcly. 

Then PF:CQ::PN:QN 

:: BC : AC, 
but CQ = AC,:.PF=BC, 

so FE^AC- BC, and is therefore constant. 

Ilonce, if a straight line of fixed length move so that 
its extremity and a fixed point in it always lie on two 
Htraight linos at right angles to each other, the free ex- 
troniity will trace out an ellipsa 
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Elliptic oompasBes are constructed from this property. 



i 




Q 


I ^ 


K 


H j 



The simplest method of drawing an ellipse is, however, 
to fix two pins into the paper, with a string joining them, 
and to keep the string stretched by means of a penciL 

As the pencil moves the sum of the distances of its 
point from the two pins will be constant, it will therefore 
describe the ellipse of which the pins are the foci, and the 
length of the string the axis major. 

110. Cof^ugate hyperbola. 

We have seen that diameters which make an angle with 

the transverse axis greater than tan"^- do not meet the 

hyperbola in real points ; they however will meet the curve 
denoted by the equation 

a" 



58 ^«-l- 



It is evident that this curve is a hyperbola in which the 
axis of y meets the curve in real points. 

Comparing this equation with 
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we see that if we interdiange x and y, a and ft, properties 
of the ordinates of one corre become those of the abscissae 
of the other. 



Hence the equation 



y* 

^ 






represents a hyperbola, having the same axes as the origi- 
nal hyperbola, the transverse axis of the original hyperbola 
being the conjugate of this, and vice yers&. 

The asymptotes of this hyperbola will be 

«_ .y 
a 

That is the two hyperbolas have the same asymptotes. 




This is geometrically evident from the fact that the 
rectangle of which the asymptotes are diagonals, and the 
sides the perpendiculars to. the axes at their extremities is 
the same for both. 
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The polar equatioii to Uus hyperbola ia eridently 



r»= 



a*>m>^-&>co8*^' 



We maj obaenre that propertiea of the coigogate hj- 

•1^ If' 
perfoola maj be obtained from the ellipse -^ + m'^^' ^7 

writing -a^ for o^. In the figure the dotted lines repre- 
sent the conjugate hyperbola. 

Ex. 17. 

1. Determine the eoeentrieities and latera recta of the 
following central conies : 

(i) a^+2y»=«; (ii) 3«»+4y»=12; 
(iii) aa?+y«=l; (iv) ftr«-16y»«25. 

8. Determine the distances between the tod in the enrres 
fai g : 1. 

3. The latns reetnm of an ellipse is { and the eccentricity 

4. The distance between the foci of a hyperbola is 2e and 
the eccentricity -^2, determine the axes, and find the equation 
to the enrre referred to them. 

5. liSt 8'he the foci, B the extremity of the axis minor, 
snd 8BS be a right angle, determine the eccentricity. 

6. If KSK^ be the latns rectmn and KCK' an equilateral 
triangle, determine the eccentricity. 

7. Can the enrres in the two preceding questions be 
hyperbolas? 

8. An ellipse and hyperbola have the same foci and con- 
jugate axis ; if a, 5 be the semi-axes of the ellipse, a\ b of the 
hyperbola, prove that af*=a* -26*, and if «|, e, be the eccen- 
tricitieSf 
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9. Determine the inclination of a diameter to the axis 
major, when its square is (i) an arithmetic, (ii) geometric, 
(iii) harmonic mean between the squares on the axes. 

10. The length of a diameter, its inclination to the axis, 
and the eccentricity are known ; determine the axes. 

11. The length of a diameter is known and its- inclination 
to the axis minor, the length of which is also known; deter- 
mine the axis major. 

12. If (r^^i), (r,^,) be two points on an ellipse referred to 
the centre and the axis major, 

,V,^ = (J-i,)(Bin'*x-Bin'<»J. 



Tai^gent and Nobmal. 
111. Let (^i^i), (^s2^s)y be two points on the curve 

then y-yi=?!'-!;!'(^-^i) 

is the equation to the chord passing through these points. 

The equation to the chord becomes therefore 

(^-^i ) (^j +^i) . (y-yi)(yi-^yi) _ ^ 
or ^(^i+^«) . y (yi+ys)_i . yiVi . ^i-'^i 
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In this equation let ^t=<^i) ^s=2^ii ^^^^ the chord be- 
comes the tangent and the equation becomes 






The equation to the tangent at the point (^i2^i) is there- 
fore 

^^1 . yyi_, 

112. Equation to the tangent in terms qf the tangent 
(^the angle it makes teith the axis qfx. 

Let the straight line whose equation is y-mx-^-c meet 
the curve 

?' + ^=l 



Substitute for y and arrange by powers of x \ 






= 0. 



Multiplying up by a^, we have, if the equation have 
equal roots, 

is the condition that the straight line shall touch the curve. 
The equation to any tangent may therefore be written 

y = ma + (w*a' + 6*)i. 

If we change the sign of &', the equation to the tangent 
to the hyperbola becomes 

y = ma + ( wV - 6*)i 

If we write tan^ for m, in the above equations, and 
multiply by cos ^ they become 

y cos ^ - ;p sin ^ = (a^ sin* ^ =fc &2 cos^ ^)i. 
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Hence we see that if tan^<-, the tangent to the 

hyperbola is impossible; in this case, however, the straight 
line 

teaches the ooi\jugate hyperbola, whose equation is 

113. In the above equations, write - + ^ for ^, then ff 

is the angle which the perpendicular on the tangent makes 
with the axis, and the above equations become 

fl?co8^+ysin^=(a"co8"^±&«8in2^* 

114. Perpendicular on the tangent from the centre. 

By Art 36, this may be written down in either of the 
forms, 

1> r-,or(a*cos'd'*J88in'^)*. 

Since, in the ellipse, aVj' = <»^* ~ &*^j*» 

ab 



The length of the perpendicular is therefore 
For the hyperbola this becomes 



(tb 



It will be convenient in future to take S, A, on the 
positive side of (7, and to accent the corresponding letters 
on the negative side. 

116. Let P be any point (iPj, y^) on the ellipse, let NP 
be produced to meet the auxiliary circle in Q, then the co* 

ordinates of Q are a?i, y/, where Vi-xVi. 
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Now the equation to the tangent to the ellipM at P is 






a' 



&« 




ZS" 



That to the tangent to the circle at Q is 

In each of these equations put y=0. 

Then the lines represented by them cut the axis of dp ia 

a* 
the same point T, such that CT= — . 

a?! 

Hence, if we wish to draw a tangent to an ellipse at 
any point P, draw the tangent QT* to the auxiliary cirde, 
catting the axis in Ty and join PT; PTib the tangent re^ 
quired. 

Since ofi, or CN is necessarily greater than CA in the 
hyperbola, the construction above giyen fails in this case. 
StOl, however, we have a!Xi=a\ 

Let P be a point on the hyperbola, PN its ordinate, 
draw NQ to touch the auxiliary circle in Q, and QT per- 
pendicular to ^C7: join TP; TP is the tangent to the 
hyperbola at P. 

For CT. CN=i^. 

116. The perpendiculars from the foci on the tangent 
intersect them on the auxiliary circle, and the rectangle 
contained by them is equal to the square on half the con- 
jugate axis. 
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Take the case of the ellipse. 

Let a?co8d+y8in^=(a«cos«d+6*sin"^)i be the equa- 
tion to the tangent TP. 




AS' 



N S A 



Let SY^SfZheihe perpendiculars from /S'^/S', respectively. 

Then the equation to ^S'r' is (Art. 34), 
a? sin ^ - y cos ^ = (a* — 6^i sin d, 

since it is perpendicular to the tangent and passes through 

the point {(a*- 6')*, 0} : square these equations to TYy SY, 

and add ; 

^ then at Y, aj*+y"=a*, 

that is, Flies on the auxiliary circle. 

Similarly the equation to S'Zis 

aBm6-yco86= -ia^-b'^i sin $, 
squaring and adding we get the same equation as before. 
Again (Art 37), 

/SY^(a*cos* ^ + 6« sin*^)J -(a2-6»)i cos 6, 
S'Z= (a« cos2 ^ + 6* sin2 e)i + (a«- 6«)4 cos 6 ; 
.', SY.SrZ=a^co&^e-h¥sm*e-{a^-l^)co6^e:=li', 

Ohanging the sign of i^ in these expressions we still get, 
at Y or Z, 

a^+p^=a^, and SY. /Srz= -&«. 

This shews that S, S^ lie on opposite sides of the tangent in 
the hyperbola, as may be seen by drawing the figure. 
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117. Tojind the equation to the normal <tt ths point 



XiJi. 




Let PO be the normal ; then since it passes through 
Oiy^its equation is of the form /(iP-;Pi)+i»(y-yi)=0; 
also, since it is perpendicular to the line 






6« 






a 



The equation therefore becomes 



b* b^ ' 
In this equation put y=0; 

» » X — 2 X\ — e X\* 
a* * 

If therefore PQ be the normal at P, cutting the axis 
at G, CG=^CN. 

Similarly the equation to the normal to the hyper- 
bola is, 

Here if y = 0, a? = — j— Xi = ^x^ as befora 
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r 

11& Ths Umgent and normal at any point qf an 
dlipie hued the external and internal angles between the 
focal 



We hare in the ellipse SP^a-ex^ 

ST^a-heXj. 
Now SG=SC-CO=ae-^Xi, 

S'G^SC'^CG^ae-^^Xi ; 
/. SG iSTG :: SP iSTP; 
.*. PG bisecto the angle £rPS. 

If the normal bisects the fntenial ang^e;, it is evident 
that the tangent mnst bisect the external ang^e between 
the same straight lines. 

So in the hyperbola 

SP=exi—a, 

S'P=^exi+a, 




S'G=ae+^Xi, SG^^x^-ae. 

.'. SG : S'G :: SP : S'P, 

and PG bisects the angle between SP and S'P prodacod. 

Hence the tangent PT bisects the angle between the 
focal distances. 
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119. By a proof precisely similar to that of Arts. 58, 
59, we can shew that^ when {x^y^ is a point without the 
curve, the equation 

represents the chord of contact of tangents through (^i^i). 

This equation represents the polar of (^i^i) whereyer 
(xiPt) may be ; and it may be proved, as in the case of the 
circle and parabola, that the chords of contact of tangents 
drawn from any point on the line always pass through the 
point 

120. The equation 

represents the two tangents through the point (hk). For 
it can be split up into two fiEustors, is satisfied by {hk), and 

if ^ + M"l=^>i*' becomes -J +^ = 1, the equation to 
the polar of {hk). 

9 

Ex. 18. 
1. Find the equations to tangents to the ellipse 



and to the hyperbola 



— + — =1 






whioh fulfil the following oonditionB: 

(i) Cut off a triangle of given area between the axes ; 
(ii) Are parallel to 

(iii) Make equal angles with the axes; 

(iv) Are at a given distance from the point (A, h). 
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2. Find the equation to the tangent TPt, catting the axes 
of the ellipse in T, t, respeotiyely, when 

CT+Cft=v2(a + b), 

3. Find the equation to the tangent TPt^ when the peri- 
meter of the trian^e TCt is equal to (2 +t?2) (a« + 6*)*. 

4. Find the equation to the tangent, when the perpendi- 
culars from the fod are in a given ratio. 

5. Ulx+myszd touch the ellipse, then 

Z«a« + m«6»=c«»(l« + m*). 

6. It p he the perpendicular from the centre on the tan- 
gent which makes an angle $ with the axis, 

p=a(l-«2coB«^)i. 

7. Find the equation to the tangent at the extremity of 
the latus rectum of the ellipse 

«»-H2y'=3. 

8. Find the equation to the tangent which is parallel to 
SB. 

9. The equation to the diameter drawn perpendicular to 
the tangent at (a^i), is 

10. Prove that the locus of the point of intersection of 
this line with the line ic=a^ is the ellipse 






11. Jththfhe the intercepts on the axes of any tangent, 

12. Two tangents are such that the product of the tan- 
gents of the angles they make with the axis of « is m, prove 
that they intersect on the curve 
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13. Two tangents intersect at right angles, prove that 
their point of intersection lies on the circle 

14. If PO he the normal at P, cutting the axis at G, 
and CK be perpendicular to it, determine PG, and OK in terms 
of PCA. 

15. If the normal cut the carve again at Q, find PQ. 

16. Find the equations to the normals which pass through 
the points c, 0; 0, c; h, k; respectively. 

17. If PG cut the minor axis in g^ find Gg. 

18.. Q is a point on the tangent at the extremity of the 
axis minor, QP the tangent at P; if BQ='^3a, then 

PQ=BP. 

19. PB, QR are two normals at P, Q, cutting at right 
angles in R ; CRH is a semi-diameter ; prove that the tangent 
at J7 is parallel to PQ. 

20. If r be a radius CP of an ellipse and p the perpendi- 
cular on the tangent at P, then 

Diameters. 

121. To find the locus of the middle paints qf chords 
which make a fixed angle toith the axis. 

Let p be the angle, (xp), {XY) two points on one of 
these chords, r the distance between these points. 

Then (Art. 25) x^X+r cos ft 

y= y+r sin ft 

Now let (xy) be on the curve -^ + ^0= 1. 

Substituting and rearranging by powers of r, we have 

V. G. lU 
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Now if (XY) be the middle point of the chord, the 
vahies of r deduced from this equation must be equal and 
opposite : the coefficient of r must therefore be zero ; 

JTcosP Fsin^ ^ 

That is, (Xy) is a point on the straight line 

arcosiS ysinP 



a^ " b^ 



= 0. 



The locus of the middle points of chords which make a 
fixed angle with the axis of ^, is therefore a diameter. 

Now let the chord move parallel to itself till its middle 
point coincides with the extremity of the diameter bisect- 
ing it ; the two extremities coincide with that middle point, 
and the chord becomes the tangent at the extremity of the 
diameter. A diameter therefore bisects all chords parallel 
to the tangent at its extremity. 

The diameter parallel to a tangent is said to be con- 
jugate to the diameter at the extremity of which the tan- 
gent is drawn, or to the diameter which bisects chords 
parallel to the first. 

122. If any diameter he corrugate to another^ the 

second is conjugate to the first. 

Let CD be conjugate to (7P, that is, let CD be parallel 
to the tangent TP, then shall CP be conjugate to CD, 

Let the coordinates of P be x^y^^ of D x^^. 
Then since the equation to PT is 

that to CD must be ^^ + ^— 0; 

... ^J+?^J^^?=o, is the condition that CD is coigugate 
toCP. 
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Since in this condition x^, a^, y^, y^ are interchange- 
able, the point (^i^i) is on the diameter conjugate to CD, 

That is CP is conjugate to CD, 

UPCA=a, DCA=fi, CP^r, CD=r^, we must have 
;ri=rcoso, yi=r8ina, a?,=r'co8ft y,=r'8ini3, 

and the condition becomes 

cos a cos /3 sin a sin /3 



a^ 



= 0, 



or 



52 
tan>atan/3= — 5. 



If then pCP be any diameter, PT the tangent at -P, 
and if dCD be parallel to PT*, pCP will bisect all chords 
parallel to CD, dCD will bisect all chords parallel to CP, 
and the tangent at 2> will be parallel to CP, 

123. To find the coordinates of D in terms of those 
of P, an<3i the lengths of CP and CD, 

Let ^1, yi be the coordinates of P, x^, y^ of D. 



Then 






a 



2 



+ - 



6^ 



a^ 



6^ 



a' 



62- 



Hence, 



a 



These are the coordinates of D taken as in the figure, 



those of d will of course be , yi, — iP,. 

" a 



1^—1 
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Again, CI^=JCj?+yi^=a!^^+^^{a^-Xi^=lf^-\-^x^^ 

therefore CP^-\- CI^=a^+ b^, or the sum of the squares on 
conjugate diameters is constant. 

124. In the hyperbola the equation to CD becomes, by 
changing the sign of b\ 

and we have 

tanatani8=-o. 

If then tan a < - , tan S > - , and therefore CD does 
not meet the hyperbola in real points. 

It meets the conjugate hyperbola however in the points 
£ yi> - ^i> which satisfy the equation ^ ~ ^5 = !• 

For the hyperbola we have, 

CI^^x^^y^=x^^^{x^-(j?\=^x^-'b\ 

therefore CP^-Ciy*=a^-l^, or the difference of the 
squares on coi\jugate diameters is constant 

125. Since in the ellipse, SP^a-ex^^ and in the 
hyperbola SP=exi-\-a, and in both cases S'P^^ex^+a, 
:, ISP.S'P=CDK 

This mi^ht also have been shown geometrically, since 
CD£=PSY, and therefore 

SP.SrP : SY.S'Z :: CL^ : BC*, 
but SY.S'Z^BC^', .-. SP.S^P^CLf. 
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126. T?ie area of the parallelogram circutMcrihing 
the curve whose ndes are parallel to coiyugate diameters 
is constant. 

Let T.T^T^T^ be such a parallelogram, PCP', DCU 
coigugate diameters ; draw the normal PK, 

Let ^1 , ^1 be the coordinates of P. Then the parallelo- 
gram T^T^T^T^^^PCDT^=ACD.PK. 

But Ci>=(a«-«*«M 

ah 



PK^ 



(Art 114); 



/. CD.PK=<a>^ 
therefore the area of the parallelogram required =4a&. 




127. If a be the angle between two conjugate dia- 
meters whose lengths are af^ b\ respectively, since the 
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paraUelognun oontained by them is equal to <n/ sin a, we 
have 

ab 
or 8ina=-7^>« 

128. To find the equation to the eUipm r^erred to a 
pair qfcofyugate diameters as axes. 

Let CPy CD be the new axes, a, the angles they re- 
spectiToIy make with the axis of x. 

Let P' be any point on the dlipee ; («, p\ (x^, sO its 
cocntlinates referred to the old and new axes respectiyely. 

Draw FB parallel to OA, then 
x=CN=CM''BF=CFcooPCA'^P'FcosI>CA 

=;r'oosa+y^oosS; 
similarly, y=;i;'8ina-fy'sini9L 




C N 



or 



Substitate in the equation to the eDipse ; thus 
(a/cosa-f y'cosg)* (ar^sina-t-y^sinP)' _ 

-./cos'a sin'i3\ „ , ,/co8aco8 sin a sln ^X 
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Now the polar equation to the ellipse is 

1 cos* 3 sin' B 



a^ ^ H' 



; Art (108) 



cos' a sin'g 1 _ 2_ 

similarly, _^ + -^=^^ = ^,. 

^j^cosa cosp ^ Binasinp^ ^.^^^^ diameters are 
conjugate ; 
therefore the above equa&n becomes 

Hence we see that, whatever be the angle between the 
axes, the equation 

represents an ellipse referred to two conjugate diameters 
whose lengths are 2a and 2&. 

The proof is precisely the same for ihe hyperbola, 
changing the sign of b'^. 

Since in Art 111 no inention was made of the axes 
being rectangular, the equation 

to the tangent at the point (^i, ^i), will hold good gene- 
rally provided the curve be referred to two conjugate 
diameters. 
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129. Supplemental chords, 

Q 




Let PCP^ be any diameter of a central conic, Q any 
point on the carve : join QP, QP"; these are called snpple- 
luental chords. 

The diameters parallel to a pair of supplemental diords 

are conjugate. 

Bisect QP, QP', in R, R, re^)ectively ; join CR, CR . 
Then wo know that CR bisects sdl chords parallel to P'Q, 
and CR all chords parallel to PQ. 

But QR=\qP, PC^\PP', 

therefore CR is parallel to FQ. 

Similarly CR is parallel to PQ, 
therefore CR^ CR, are conjugate diameters. 

Hence if we wish to draw two conjugate diameters 
of an ellipse or hyperbola containing a given angle ; take 
any diameter PP^oi the curve and on it describe a segment 
of a circle containing the required angle ; let this segment 
cut the curve in Q, then the diameters parallel to PQ, 
P'Q are coigugate, and contain the required augia 
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Ex. 19. 

1. Write down the eqnations to the diameten respeotiyely 

conjugate to the following lines, 

y=x; x+y=0, ax=by; ay=bK; yeosO—xBrnd; 

a b 

2. The length of each of the eqiial oonjngate diameters is 

3. The length of a semidiameter is c, find the equation to 
its conjngate. 

4. If the tangent at the vertex A cnt ai^ two conjugate 
diameters in T, f, then AT,At=h\ 

5. The length of a semidiameter is —^ , find the equation 
to its conjugate. 

6. If a be the angle between two conjugate diameters ti an 
ellipse, which make angles 0, 0\ with the axis major, 

COS a = «* cos ^ cos ^. 

7. Determine the corresponding equation in the case ofthe 
hyperbola. 

8. The angle between the equal conjugate diameters being 
- , shew that the eccentricity is ~ . 

9. The equation to an ellipse heing 2x^+3^* =4, the 

diameters 

y=2aj, aj+8y=0, 

are conjugate. 

10. The locus of the middle points of chords joining the 

«* V* 1 
extremities of conjugate diameters is -. + r^ = f^ . 

a' 6* 2 

11. If a' J h\ be the lengths of C7P, CZ>, and the angles 
PC At DCB be a, /3, respectively, then 

a^«-6^ _ C08(a+/3) 
o«-6« ''co8(a-/3)' 
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12. £f is a focus, CP^ CD conjugate diameters ; the distance 
of P from the diameter which is parallel to SD is equal to 6. 

13. If SP intersect CD in Q, then PQ=a. 

14. If a', h' be the lengths of CP, CD, and a, j8 the angles 
which they make with the axis of x, then 

a'a sin 2a + y* sin 2/3=0. 

15. The normals at P and D meet the major axis in G, 0\ 
respectively, prove that P(?»+i)(?^=^(a«+6«). 

16. If 7 be a point % h) on the tangent at P, I the length 
of TP, and 26' of the diameter conjugate to CP, 



-(^P-')"- 



17. Tangents to an ellipse are drawn of lengths eqnal to n 
times the conjugate semi-diameters at their extremities, prove 
that the locos of their other extremities is the ellipse 



S+g=i+»*- 



18. If a\ h\ be the lengths of two semidiameters at right 
angles to each other, 

a'* "^ 6'* "««'*' 6** 

19. If 6 be the angle which these diametacB make respec- 
tively with the major and minor axes, 

20. If the ellipse be referred to these diameters as axes of 
coordinates, its equation will become 

ic* /I 1\ t/* 

21. If 2c be the length of the equal conjugate semidiameters, 
the equation 

represents the ellipse referred to these as axes. 
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22. If a be the acute angle between the axes of coordinates, 
the semiazeB of the ellipse, x^+y'=c*, are 

V^ccoB^, and V2cBin^. 

23. If « be the eccentricity of the same ellipse, 

2 008 a \i 



( 2 cos tt \ t 
1+ cos ay 



,1+cosa^ 

24. The equation to the anziliaiy circle is 
ac* + y* + (2ajy - c*) cos a = c". 

130. His eccentric angle. 



Since 






is the eqiiation to the ellipse, and 

cos'<^+8in'<^ = l. 
If ir=acos<^, ^=&sin<^. 

Let P be the point {xy) on the ellipse, and let NP the 
ordinate at P when produced cut the auxiliary drcle in Q. 
Join PC, QC. 




Then 



CN=^x=CQ COB QCN. 
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If /. QCN—^t jp=acoB<f), and y=bwi<fK 
Since PN= b sin ^, and QN= CQ sin ^ = a sin ^, 

QCA is called the eccentric angle of P. 

Many properties of the ellipse analogous to those of the 
circle may be deduced by using coordinates in terms of the 
eccentric angle. 

131. Equation to a chord in terms of the eccentric 
angles of its extremities. 

Let ^, <^ be these angles, then (Art 23) the equation 
to the chord is 

- . , b sin </)• — sin dh , , ^ 

Now let ^s=<Ai) ^^^^ ^^ chord becomes the tangent, 
and its equation becomes 



-cos0+f 8m<f) = l. 
a ^ b ^ 



This equation might have been obtained by patting 
^=:acos<^, ^=&sin^, 
in the equation 

132. The equation to the normal in terms of ^ is 

(a?--acos^) a, (y— &sin<^) ^ 
COS sm 9 ' 

or o^sec^— 6ycoBec<^s=d^-5'. 
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133. Many of the properties of conjugate diameters 
are easily obtained by means of the eccentric angle. 

In the figure let CP, CP' be conjugate, HhetL QCA, 
Q^CA are the eccentric angles of P, P\ Let QCA^<^, 
Now the tangents at P, Q meet on the axis, since if we 
put y=0 in each of these equations we get j;=a sec ^. 




But CP' is parallel to PT, and 

QN : PN :: Q!N' : PN'; 
/. CQ' is parallel to C^, and /. Q'CQ is a right angle. 

The eccentric angles of two coiyugate diameters differ 
therefore by a right angle. 

This may be also proved thus. 

The equation to CP is ? = - tan 6. 

a ^ 
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That to Cr which is parallel to P^is 

a?co8<^ y&in(l) 



or I = - tan 



f*^(*+|); 



TT 



/. the eccentric angle of P' is - rf 0. 

Hence we may prove that if CP' is conjugate to CP, 
OP is to CP\ For the equation to the diameter conjugate 
to CP" or to 



is ^=-tan(6 + ir) 
a ^ 



— — tan rf>, 

but this is the equation to CP. 

The student will observe that all those properties of 
the ellipse which are proved in geometrical treatises by 
projecting the auxiliary circle into the ellipse, can be 
proved easily analytically by using the eccentlic angle. 

134. To obtain the corresponding properties of the 
hyperbola, we should have to write —b^ for 6^, and there- 
fore bj—l for b. 

Thus tan = V - J -I, which is impossible, hence there 

is no angle in the hyperbola which corresponds to the 
eccentric angle in the ellipse. 

However, since sec^ <^ — tau^ <^ = 1, if in the hyperbola 
^=a sec <^ we must have y=6tan <^. 

The geometrical angle which corresponds to <l> may be 
thus determined. 

Let P be any point on the hyperbola, PiV its ordinate, 
draw NQ touching the auxiliary circle. 
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Then CN^ CQ sec QCA =a sec QCA, 

therefore if we call QCAy <^, we must have a?=asec<^, 

Since QN= a tan <^, 

QN : FN :: a :b. 

We can easily see that if PT'the tangent at P cut CA 
in T, then QTis perpendicular to CA, 



Ex. 20. 
T%« Eccentric Angle* 

1. If P7, P^? be the tangent and normal at P, determine 
the lengths of PT, PO in terms of the eccentric angle. 

2. Find the perpendiculars from the centre and foci on 
PT and PQ, 

8. Determine the eccentric angle at the extremity of the 
latus rectum. 

4. If PQ cut the curve again at Q, determine PQ, and the 
eccentric angle at Q. 

5. If PC A = d, PQA = ^, then tan ^ tan ^ = tan^ 0. 

6. Write down the equation to the tangent at P', where 
CP' is conjugate to CP, 
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7. Find the lengths of (7P, (TP, and hence prove thali 

8. If POA=0, PVAt=e^t prove, by means of the eccentric 

angle, that tan ^ tan 6'= — r . 

a' 

9. The length of a diameter is 2c, find its eccentric angle, 
and the equation to its conjugate. 

10. If CP, CD be conjugate, and the ordinates of P, I) 
meet another ellipse described on the same axis major in Q, E, 
respectively, then QC, CE are conjugate diameters of the second 
ellipse. 

11. An ellipse and hyperbola have the same foci and con- 
jugate axis, their semi-axes are a, 5; a\ b, respectively; shew 
that if 03^, 03 be the eccentric angles with reference to the 
ellipse and hyperbola of a point of their intersection, 

sm* dh = tan' 0« =-s = • 

12. PO meets the axes iaO^g and, 1)01/ the diameter con- 
jugate to CP in F, prove that 

PF.PG=JBC*, PF,Pg=-ACK 

135. Asymptotes. 

Def. Lines are said to be asymptotes to a curve, when 
the curve continually approaches them, but never actually 
reaches them, though its distance from them may be made 
less than any assignable distance. 

The equations to the lines CL, CU, the diagonals of 
the rectangle whose sides are lines drawn through the ex- 
tremities of the axes perpendicular to them, are 

h 

or t^?^ 
The equation to the hyperbola is 
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Now let P be a point on the hyperbola : let CN=Xi ; 
let NP prodaced both ways cut CL, CL' produced in Q, g; 
let PN=yx, QN^y^. 




Then 






J-.«#8 



therefore pi^ is always less than y,^ that is to say, the 
hyperbola never cuts the lines CL, CL\ 

Now as Xi increases without limit, y^ and yi also in- 
crease without limit, and therefore y^+yi increases with- 
out limit. 

But (yj+yi)(y2-yi)=^, 

therefore yt—yi diminishes without limit 
Hence CLQ is an asymptote. 
Similarly CL'q is an asymptote. 

It is easy to prove that pg=PQ. 

For if -^1, — y, be written for y,, y, respectively, 
yi—y^ is changed in sign but not in value. - 



V. 0. 



11 
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13& Egwatiom r^tmdto tk§ m ifrnp toUt 




Lei P be any point on the hypefbda, 4^ y its oocnrdi^ 
nates idSerred to the Ml, a^yj/ Xo the new axes. 
Let Y'CA=X'CA=a, 



then 



tanas-- . 
a 



Now nnee /•= CM=KM, }f^PM, 

y=.PN=PKwia=^{3/-3f)wa. 



But 



a« 6«"^' 



a* 0* 



Also 



or 



COfl^a=- 



Bin'o= 



.-. (;r'+y')«-(y--y7=a2+6*, 



the equation required 
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137. To ifUerpret this equation geometrically. 

Draw PM' parallel to (XT', then the area of the paral- 
lelogram CMPM' 

a^ + b^ . ab 

=xy Bin » = — - — sin » = — , 

^ . 2ah 

since 8m»=2smaco8a= 



a^+¥' 



Hence if from any point on a hyperbola^ straight lines 
be drawn parallel to the asymptotes, the area of the paral- 
lelogram thus formed is invariable. 

138. The equation to the conjugate hyperbola is evi- 
dently 

since either d? or ^ is necessarily negative, and the axes 
are the same as those of the original hyperbola. 



139. EquaHan to the tangent^ the asymptotes being 
axes. 

Let (xi y^ (Xf yij be two points on the hyperbola, 

•To ~~ X-\ 4bXj»r« 

.'. the equation to the chord through (^i^i), {x^yi) 
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Jfow let ^=;r, and write — — for Xm. 
-Then the equation to the tangent becomes 

or —+-^=2. 

140. Draw PMD\ PMD parallel to the asymptotes 
cutting the coiyugate hyperbola mJyDf respectively. 



t:< 



'^f 



T 



Then the equation to PD is y=yiy .*. the coordinates 
of /) are -x^, y^, or M'D=M'P: similarly MD'=MP. 

141. Let TPT be the tangent at' P; then, putting 
Py, x-^ successively equal to zero in the equation to the 
tangent) 

CT=2y^=2CM'; 
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therefore TP= TP, or the part of the tangent inter- 
cepted between the asymptotes is bisected at the point of 
contact 

142. The equation to the diameter conjugate to CP is 

^ + i? = 0, 
^ Pi 

since it is parallel to the tangent at P, 
Now this cuts the coigugate hyperbola 

in points s^^i^f^^i. 

Hence, if Z>C2X be this conjugate diameter, PD, PIX 
are bisected by the asymptotes, and the straight lines join- 
ing the extremities of ooigngate diameters are parallel to 
the asymptotes. 

143. The tangent to 

4j^+a*+S"=0, 
at the point (— ^i^i) is 

-=- + ^ = 2. 

Tangents at the extremities of coijagate diameters 
therefore meet on the asymptotes, which are therefore the 
diagonals of the parallelograms so formed. 

Hence the asymptotes may be considered themselyes as 
conjugate diameters, since each bisects chords parallel to 
the other. 

Ex. 21. 

AsynvptoteB, 

1. The equation to a hyperbola which has the axes as 
asymptotes and passes through the point {Ji^h)iaxy==kk, 

2. The straight line 

will touch the hyperbola ay ^c*, if C^=iAB<^. 
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8. If two tangents be drawn to a hyperbola, and the points 
in which they intersect the asymptotes be joined, the joining 
lines will be parallel to one another. 

4. The equation to the diameter conjugate to 

the hyperbola being referred to its asymptotes. 

5. If the absdsssB of any nmnber of points in a hyperbola, 
referred to its asymptotes, be in a. p., the ordinates will be in 
H. p. 

6. If on any chord as diagonal be constracted a parallelo- 
gram, the sides of which are parallel to the asymptotes, the 
other diagonal will pass through the centre. 

7. If two hyperbolas have conmion asymptotes, any chord 
of the one touching the other will be bisected at the point of 
contact. 

8. Tangents are drawn to a hyperbola, and the portions in- 
tercepted by the asymptotes are divided in a constant ratio; 
prove that the locus of the points of section is a hyperbola. 

9. The coordinates of the vertex of the hyperbola aeys-c*, 
are c, c, and of the focus c sec a, c sec a, where 2a is the angle 
between the asyu^ptotes. 

10. If 2a be the angle between the asymptotes of the 
hyperbola xy=(^j the eccentricity is sec a. 

11. The equation to the directrix of the same hyperbola is 

a;+^=2ccosa. 

12. The equation to the normal at the point x^, y^, is 

aJi (a? + y cos M - ajj) =yi (y + a; cos «a - yj. 

13. It A f St be the vertex and focus of a hyperbola, and 
the tangent at A , and the directrix intersect an asymptote in 
Hit Rt respectively, then SE is parallel to AR, 
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14. P is the point {x^, y^) on the hyperbola aiysc*, if CP 
cut the eUipse 

— 4--^— =1 

in Q, then the tangent to the ellipse at Q is parallel to that to 
the hyperbola at P, 



144. Rectangular Hyperbola. 
In the equation to the hyperbola let 6=0^ 
Then the equation becomes 

In this hyperbola the asymptotes are evidently at right 
angles, henoe it is called the rectangular hyperbola. 



Ex. 22. 

Rectangular Hyperbola. 

1. A diameter is equal to its conjugate. 

2. The eocentrioity is >J2. 

3. If the perpendioular from the focus meet an asymptote 
in 12, 8R-A0. 

4. The distanee of any point from the centre is a geometric 
mean between its focal distances. 

5. If PN be the ordinate at P, and NQ touch the auxiliary 
drde at Q, then i>iV^= QM 

6. If POf the normal at P, cut the axis in 0, then 
PQ=CP. 

7. If the tangent at P cut the asymptotes in T, <; respec- 
tively, then Tt=2CP, 

8. If TOt tQ, be joined, the angle TGt is a right angle. 
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9. Ihe eqaaj&ao, leCened to flie wsjmfMbm is 9tagf=^. 

10. If from uxj point on Uie emre stni^i Imes be drmwn 
to the eztoemities of anj diunetei; these nuJu equal angles 
with the asympiotes. 

11. The eqoation refened to pohff eocxdniates, the eentie 
being pole, is 

f«=4^8ee2^. 

12. The equation to the normal at (xj, jfi) n^ien the 
asymptotes are axes is the same as that to the tangent at 
(^ y-d ^1>^Q the axes of the enrre are axes of eoordinatea 

LS, If the prodnet of the tangents of the ineiination to the 
axis of z of a pair of tangents to the reetangolar hyperbola 
xy=-c* be Ifi, they win intersect on the diameter 3r=la& 

14. If a right-ang^ triangle be inscribed in a radangnlar 
hyperbola, the perpendicular from the right an^ on the 
hypotenuse is a tangent to the eurre. 

15. If the axes be inclined at an angle 9 to the axes of the 
curve the equation to the rectangular hyperbola is 

(2' - ^) COS 2^ - 22^ sin 2^=a*. 



EXAMPLES ON CHAPTER VI. 



1. An ellipse and hyperbola are confocal; and, at the com- 
mon points, the tangents to the ellipse are parallel to the 
asymptotes of the hyperbola : prove that the axes of the ellipse 
are in the duplicate ratio of those of the hyperbola. 

2. Two straight lines are drawn paraIle^to the axis major 
of the ellipse -x + J^= 1, at a distance . from it : prove 

that the part of any tangent intercepted between them is 
divided by the point of contact into parts which subtend equal 
angles at the centre. 
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3. A oirole is described passing through the fooi, and 
common tangents are drawn to the conic and circle; if the 
points of contact with the circle on the same side of the axis 
major are joined, the joining line will pass through the ex- 
tremity of the axis minor. 

4. TL, TM are two tangents from a point T; X, ^ are the 
eccentric angles of Z, M\ prove that 

M = (a« sin«X + 63 oos«X)4 . tan ^^ . 

5. If 9, be the eccentric angles of the extremities of any 
focal chord of an ellipse, 

tan — tan %■ = . 

2 2 e+1 

6. If PQ be a focal chord, DE the diameter parallel to it, 
and A A' the transverse axis, AA' . PQ=DE*. 

7. The curves 

/ • 9.1 n . /. J cos*^ sin*^ 1 

{a»+f)t=xooB0 -lysine, and -^- + -^ = -j— , , 

intersect on the ellipse 

8. If to the ellipse -k + r^^^ there be drawn the four 

tangents 

a;cos0 , y8in0 , 
a b 

« sin - 2^ cos = ± (a' sin* + 6^ cos' 0) ', 

SB* V* 

they will intersect on the ellipse — + ~=a+&, and the peri- 
meter of the parallelogram will be 4(a+ 6). 

9. The length of the perpendicular from the centre on a 

chord joining the extremities of any two diameters at right 

, . ah 
angles is r 

(a«+6«)4- 

10. TP, TQ are two tangents at right angles, prove that 
fon^ 8PT+%m^SQ,T is constant. 
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11. If perpendiculars be drawn from the centre on two 
tangents at right angles, the semi-diameters eqnal in length to 
these perpendiculars are conjugate, and the ordinates at their 
extremities intersect the perpendiculars in the auxiliary circle. 

12. If CP meet the directrix in Q, then SQ is perpendicular 
to the tangent at P, 

13. Find the equation to that normal to an ellipse which 
makes an angle tan'^m with the axis of x, 

14. If from a point there be drawn four normals OP, 
OQ, OR, OS, and p, q,r,8he taken such that their coordinates 
are respectively equal to the intercepts on the axes of the tan- 
gents at P, Qf Jt, S, then p, q, r, < lie on a straight line. 

15. Prove that the sum of the eccentric angles of P, Q,R,S 
in the preceding question is an odd multiple of t, and that the 
tangents parallel to PQ and BS meet on the equal conjugate 
diameters. 

16. If be any point, and from two straight lines be 
drawn cutting a conic in P, p, Q, q respectively, and if CD, CE 
be parallel to OP, OQ, then 

OP. Op : OQ.Oq :: OZ)* : CB*. 

17. If a parallelogram touch an ellipse at the extremitieB 

of a pair of conjugate diameters, one of which is ly—mx, shew 

that its diagonals are conjugate and are determined by the 

equation 

ap __ f ma - t 6\*l 

bx~\ma+lbj 

18. If PCP*, BCD', two conjugate diameters, subtend 
angles a, /3 at either extremity of the axis minor, 

pp»_ 0''^ tan« j3+ 6» tan'g 
^ tan2a+tan«/3 ' 

19. If -z + T9 =1 ^e i^o equation to the ellipse referred to 
a pair of conjugate diameters, then the circle 

a;* + 2jcy cos w + y* = r* 
will touch the ellipse if 

/I n/l 1\ cos'w 
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20. Two oonjogate diameters of an ellipse are drawn, and 
their extremities joined to a point on a ooncentrio oirele of given 
radins ; shew that the sun of the squares on these four lines is 
constant. 

21. Prove that the line joining the eentre with the inter- 
section of normals at the extremities of two conjugate diameters 
is perpendicular to the line joining those extremities. 

22. If an ellipse and hyperbola have the same centre and 
fod, they will cnt each other orthogonally, and if from any 
point in the circle through the points of intersection tangents 
be drawn to the two corves, they will be at right angles to one 
another. 

23. From P, a point in an ellipse, straight lines are drawn 
to A, A\ the extremities of the axis major, and from A^ A\ 
AQ„ A'Q! are drawn perpendicnlar to these lines : if AQ^ A'Q! 
intersect in R, the locos of i2 is the ellipse 
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24. The locos of the extremity of the strai^t line formed 
by adding the abscissa to the ordinate of any point on the 
circle o^ + ^^ = c*, is an ellipse. 

25. /9Q, SQ are drawn parallel to a pair of conjogate dia- 
meters and intersect in Q: the locos of Q is a concentric 
ellipse. 

26. If 8Q, SQ are perpendicnlar to a pair of conjogate 
diameters, the locos is also a ooncentrio ellipse. 

27. A series of ellipses have their eqoal oonjogate diameters 
of the same magnitode, one being common while the other 
varies in position : prove that tangents drawn from any point 
in the fixed diameter will tooch the dUipses in points on the 
circomf erence of a circle. 

tS. The locos of the vertices of an eqoilateral triangle 
aboot the ellipse -; + ^ = 1, is 

4(6V+ay-a«6«)=3(aj»+y«-o»-6«)«. 
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29. Pairs of tangents at right angles are drawn to the 
ellipse : prove that the locos of the middle points of their ohoids 
of contact is 






80. On any straight line through C, three points P, Q, iZ 
aie taken such that CP. CR=CQh if the loci of Q and J2b6 

31. A diameter CP meets the anziliary cirde in Q, shew 
that the loons of the intersection of the tangent to the ellipse 
fiX P with that to the auxiliary circle at Q is 

82. If from C the centre of the rectangular hyperbola 
a^-y*=:a*, a perpendicular OQ he drawn to any tangent Q7, 
the equation to the locus of Q is 

88. From each point of the circle a^+y*s=«>, a strai^t 
line is drawn, making an angle a with the radius at that point: 
shew that the middle points of the parts of these lines inter* 

cepted hy the ellipse -^ + 1|=1, lie on the curve 

o* (c* sin' g-y*) 6*(c*sin*tt-g^ _^^ J 

Examine the cases when the ellipse heoomieB the auzOiaiy 
circle, or the rectangular hyperhola. 

34. If TPt TQ he two tangents to the ellipse and the eeoen- 
trie angles of P and Q he (p, <t>-Pi th« locus of 2* is 

~5 + r; ^ sec j: • 

a' 6* 2 
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35. A series of hyperbolas having the same asymptotes is 
cut by a line parallel to an asymptote, and through the points 
of section straight lines are drawn parallel to the other asymp> 
tote, and eqnal to a semi-axis ; the locus of their extremities is 
a parabola, 

36. If a perpendicular be drawn from (A, k) on any targent to 






the loons of the point of intersection with the tangent is the 
curve 

ja!(«-A)+y(y-*)t«=aS(aj-A)«-6«(y-A;)«. 

37. If SP meet the perpendicular from the foot of the 
directrix on the tangent at P in i2; the locus of i2 is a circle. 

38. If CP meet the same perpendicular in Q, the locus of 
*Q is a straight line perpendicular to the axis. 

39. NPQ is an ordinate of the axis cutting the ellipse in 
P and the auxiliary circle in Q : if iT, the tangent at P, cut 
CQ, in 7\ prove that the locus of T is 



(?^?)'='*^- 



40. CQ is a radius of the auxiliary circle : prove that the 
polar of Q with respect to the ellipse intersects C7Q in a point 
whose locus is 



»'(S+5)'=«^+^'- 



Chapter VII. 

Oenertd Equation of the Second Degree. 

145. General equation to a conic rtferred to any 
axes. 




Let the coordinates of the focus 'S' be A, A; ; those of P, 
any pomt on the conic, jt, y ; let the equation to the direc- 
trix L3f be a;oo8a+^sina=:j9, and let the eccentricity 
hee. 



Then 



SP=^e.PM. 
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But /S'P = {(*-A)«+(y-A;M (Art. 11): 

P-af= a? cos a+y sin a -p; (Art 37) 

/. (a?-A)*+(y-A;)*=6*(a?coBa+y8ma-p)". 

Expanding and rearranging we obtain for the equation 
to the conic, 

a;* ( 1 — «* cob' a) — 2«*a:y COS a sin a + y* ( 1 — 6* sin' a) 
+ 2(^cosa-A)a? + 2(«^sina-A;)y+A'+A;^-e*p*=0...(l). 

146. The general equation qf the second degree 
Aa^-¥2Bay¥Cy* + 2Djp-h2By'\-F=0 (2) 

always represents a conic section. 

Since the coefficients of the various terms of the equa- 
tion (1) in the preceding Article can be made to vary as 
much as we please by the alteration of the constants 
a, A, ky e, p, and since any equation is unaltered if we 
multiply all the terms by any constant, the two equations 
(1) and (2) represent the same locus. 

Since the degree of an equation cannot be altered by 
transformation of coordinates (Art. 20), the general equa- 
tion of the second degree in oblique coordinates will still 
be of the second degree when transformed to rectan- 
gular axes, and wiU therefore represent a conia 

We have seen, howeyer, (Arts. 44, 47), that this equation 
may represent two straight lines, a point, or a circle. 

In these cases, we must consider tiie two straight lines 
as a particular case of the hyperbola, the point of an 
ellipse when the axes vanish, and the circle of an ellipse 
whose axes are equaL 

147. To examine the nature of the conic represented 
by the general equation. 

Since the locus of an equation is not altered if we 
diyide by any constant, we may write the general equation 

Aai' + 2Ba:y+Cy^.+ 2Dx+2Ey + i^0, (1). 
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Let this equation represent the same locos as 
«* (1 — «* cos* a) — 2e?«y COS a sin a + y* (1 — ^ sin' a) 

+ 2(eVcosa-A)a?+2(^sina-A;)y+A*+ifc"-«*p"=0...(2). 

Writing X fbr ra . m_-»^ > and equating coefficients, we 
have 

-4=X(l-«*C08«aX jS=-X6*cosa8ina, C=X(l-6*cos*a), 
Z>=X(«^cosa-A), i?=X(«2psina-A;). 

Hence 
^C--S2=X« {(1 -«» C08» a)(l -^ sin'a)-^* coe« a sin« a} 

The conic is an ellipse, parabola, or hyperbola, according 
asl— ^ is >,=, or <0, that is, the general equation of 
the second degree represents an ellipse, parabola, or hy- 
perbola, if -4(7 >, =, or <-5* 

For the complete discussion of the general equation of 
the second degree, and for many other theorems and 
methods which do not fall within the design of this work, 
the student is referred to Salmon's Conic Sectiont, 

We will howeyer discuss some of the more important 
properties which may be deduced from the genersd equa- 
tion, and shew how the curve represented may be trans- 
formed to its axes. 

148. We will first see what the equation 

Aaf^'^2Bxy+Oy^-i-2Da-¥2Ey+F=0 (1) 

represents, when one or more of the constants yanish. 

Since the nature of the conic depends upon the yalue 
otB^-AC, 

If ^ = 0, or C=0 (or both), and B be real, the conic is 
a hyperbola ; but if B also vanish, a parabola. 

If ^=0, the conic is an ellipse if A and Care of like 
sign, a hyperbola if of unlike. 

If D=0,E=0, the origin is the centre, since we may 
write —x, —y, instead of a?, y without altering the 
equation. . 
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If in addition ^=0, the axes of coordinates are those 
of the curve, or if the coordinates be oblique, they are 
conjugate diameters. 

If ^=0, D—0, the axis of ^ is a diameter, since —x 
may be written instead of x without altering the equation. 
Similarly, if ^ = 0, E= 0, the axis of ^ is a diameter. 

If F^ 0, the origin is a point on the curve. 

If in addition /)=0, the axis of ^ is a tangent. 

We may notice that if the equation represent a parar 
bola, the three first terms form a perfect square. 

149. In the general equation write of + r cos By 
yf + r sin ^, for x and y respectively, where r is the dis- 
tance between {p:y) and (^'^. Rearrange : the equation 
becomes 

r2(^ cos^ 0^■*lB cos d sin d + Csin^ B) 

+ 2r ^Axf + By + Z>) cos d + {Baf + Cy' + j^ sin ^} 

+ Aaf^^^Ba^y^ + Cy^'\-^Dx' + 2Ey''\-F= 0. 

We may consider this equation as a quadratic in r, or (if 

we divide by r^) in - . 

If one of the values of - be 0, then r is infinite. 

r ' 

The condition for this is that 

A co^B + 2^cos ^sin B+C8in^B = 0, 

. * -B^(B*-AG)^ 
or tan ^ = -^ . 

Here, if jB^— ^ C' > 0, or the curve be a hyperbola, there are 
two directions in which straight lines through x'y' meet 
the curve in one point at infinity, and since tan B is inde- 
pendent of ^ and y^y these directions are the same for every 
point in the plane. 

If B^ — AC=0 there is one such direction, which is 
that of the diameters of the parabola. 

If B^ " AC <0, tan B is impossible, and there is no such 
direction, that is, the curve has no infinite branches. 
v.G. \5L 
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Again, if the ooefllcient of r be zero, the chord through 
ay is bisected at that point, but this coeflSdent is of one 
dimension in a/j/ ; this proves that the locus of the middle 
points of parallel chords is a straight line. 

190. If in the equation of the preceding Article we 
write X for r cos 6, y for r sin B^ we really transform the 
origin to the point x'j/. 

The equation becomes 
Aa^ + ^Bxy + Cy^- 

+ 2{Aa;^ + By* -h D)'jp + 2(Ba/ -h Cy" -^^ E)y 

+ Aaf* + 2Ba;y + Cy'^ + 22)*' + 2-E^+ F= (1). 

We observe that the quadratic terms in jc, y are not 
altered by this transformation. 

We have seen (Art. 148) that if the coefficients of a, y 
are zero, the origin is the centre. 

The coordinates of the centre are therefore the roots of 
the equations, 

Ax' + By' + D = Oy 

Ba/ + Cy' + B=0'y 

DC-EB , EA-J>B 
• ^" B^-AG'^ ~ B^-AC 

Hence we obtain another proof that the parabola has no 
centre, since if B^ - AC = 0, jp" and ^ become infinite. 

Let Ax"" + 2Ba/t/ + Cy'^ + 2Da/ + 2E^ + F=H. 
Then the equation (1) becomes 

Ax^ -^ 2Bxy + Cy^ ■¥ M = 0, 

when the centre is origin and two diameters at ri^t anglea 
to each other the axes of coordinates. 

Now turn the axes through an angle 3, that is, write 
JTcos^- Fsin^, Xsin^+ Ycos^ for a?, y respectively 

(Art. 16). 

Then if the axes of coordinates are those oi the curve, 
the coefficient of XF must vanish (Art. 148). 
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The transformed equation becomes 
(^ cos* ^ + 25 cos ^ sin ^ + Csin* d) JP 

-2{(-4 -Ocos^sin^ + j5(co82^- sin»^)}XF 
+ (A sinM- 2i?sin^co8d + Ccob*^) Y^ + H= 0. 

If, then, the curve be referred to its axes, 

(,A - C)oo8 dsind + J5(co8«d - sin*^) = 0, or 

2i8 



tan 2^ = 



(J-A' 



Since the different values of 2^ deduced from this equation 
differ by multiples of tt, and therefore those of 6 by 

multiples of ^ , they will all give the same positions of the 

axes. 

In the transformed equation, let the coefficients of 
X\ XY, F2 be called A', B\ O respectively, then we 
easily see that 

A'-^C'^A-^^CB^-A'C^m-'Aa 
These quantities are called the invariants of the conia 

To find the axes of the conic denoted by the general 
equation we may therefore transform to the centre, and turn 
the axes through an angle, such that 

The curve will then be referred to its axes. 

Or, assuming a, to be the axes, and the equation to 

the curve -= + ^ = 1, we must have 

A ^ ^ 1 

whence a and /3 may be determined. 

151. To find the equation to a conic referred to two 
tangents as axes. 

Let a, hy be the distances of the points of contact from 
the origin, respectively. 

VI— '^ 
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In the general equation put y = 0\ then, since the axis of 
X touches the curve, the equation must reduce to a quadratic, 
both the roots of which are equal to a ; therefore the equation 

Aa^ + ^Dx + F^Q 

must hare two roots each equal to a ; 

.'.. = -», -r = a\ and therefore 7: = - a. 
A A D 



Similarly, 



^_-F__x F_,, 



therefore dividing by F, and substituting the values of the 
coefficients thus determined, 

where 



or 

\ a J 

X _''B 
ab F 



Here the curve is an ellipse, parabola or hyperbola, as 
1-X2>, =,or <0. 



The above equation may also be written 



a- ab 



or 



\a b J ^ ah 



»2 

Putting 1 + X = ^ , we obtain the equation in the form 



-A'^-Atf-- 



Here, since X"^ = or > 1 in the parabola or hyperbola, 
and 2(1+X)=^2, X must be positive, or the equation will 
either represent a straight line or become impossible. 
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152. In the case of the parabola this equation admits 
of a still farther simplification. 

Here X = 1 ; hence the equation becomes 

\rhere the root may hare either sign. 

Extracting the square roots of both sides, we obtain 

where the roots may have either sign. 

There is no necessity for expressing the ambiguities in 
this equation, since they vanish when the equation becomes 
rational 

153. Any straight line through a pole of a conic 
section is harmonicaUy divided by the curve and the 
polar. 

Take the pole as origin, and let the axes be the tangents. 
Then the equation to the curve may be written 

and the equation to the polar is 

M- <«. 

since it passes through the points of contact of the tangents. 

Let the equation to any straight line through the 
pole be 

0! y 
fn n ' 
where r is the length from the origin. 

Substitute mr, nr, for w and y respectively in equation 
(1), and divide by r^; 

m^ „ mn n* «/m n\ I 1 
/. -2- + 2X-X + ^-21 - + 7-J -+ -s=0. 
a^ ab (r \a bf r t^ 
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Now, if- , - be the rootsof this quadratic in - , that is, 

Ti, r. the values of r at the points where the line — = - =r 

m n 

cuts the conic, 

1 L-2^— -f-^- 
but if r, be the value of r where this Kne cuts the polar (2), 

fur, wr. , m n \ 
-«+^-»=l,or- + ^ = -; 

• • • > 

Ti r, r, 

that is, r, is a harmonic mean between r^ and r^ 

154. 7b find the conditiom that the general equation 
of the second degree shall represent ttoo straight lines, or 
a point. 

The equation must be the difference or sum of two 
squares. 

Multiply every term by A, then it may be written 

Now, if the right-hand side of this equation is of the 
form {Gy + Hf, the equation will represent two straight 
lines, if of the form - {€hy + Hy, a point, the intersection of 

-4j?+J5y+2>=0, and Gy+ff-O. 

The condition is therefore 

{JB'-AC) {I>^-AF)={BD-AE)', 
which may be written 

ACF+ ZBDE" AE* - C£fi-B'I'= 0. 

If this condition be satisfied, the sign of the expression 
{B'''AC)y*+2{BD-AE)y+B'''AFisthsLto{B^'-AC. 
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If, then, jB*>ACy the equation represents two straight 
Imes, or a hyperbola which oomcides with its asymptotes. 

If B^= AC, the condition becomes BD=AE, and the 
equation represents two parallel straight lines, two coinci- 
dent straight lines, or is impossible, as 

/>•>, =», or <^^. 

If B*<ACf the equation represents a point 

We have already seen (Art 47) that if the equation re- 
presents a circle, 

A = C,B=ii. 
155. To find the equation lo the tangent at the point 

Using the tame method as in Articles 50, 85, &a 
Let (^iifi), (^tUi) be two points on the curve, then 

.-. {A (:r,+;i?i) + 25y,+22>}(«,-;i?i) 

+ {25a?,+ C{y^ +yi)+ 2J&} (y,-yi)=0 ; 

. y«-"^__^(^i + ^ i) + 2^ yt-f 2i) 
" x^-x^ 22?«?i+(7(y,+yi)+2^' 

Substituting this expression in the equation 

multiplying up, re-arranging, and then putting x^ = x^, y^ = y^ 
the chord becomes the tangent and its equation becomes 

{Ax^+Byi+D)x'^{Bxi + Cyi+E)y 

=AXi^ + 2Ba;iyj^ + 0yi^ + Dxi + Eyi--(Dxi + Ey^ + F); 

.\AxXi+B{xyi'^Xiy) + Cyy^+D{x+Xi)+E(y+y^)+F=0 
is the equation required. 
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This equation is eanily remembered if Yre notioe thtt in 
the equation to the curve, x^ is changed into xx^j 2xy into 
xf/i-^-xj/, y" into yyiy 2x into x+Xj^2if into y+yi. 

As before, if {x^p^ represent a point not on the carve, 
this equation represents the pohir oi that point. 

If F=0, the tangent through the origin is Dx-^Ey^O. 
The polar of the origin is Dx'k-Ey+F=0. 



EXAMPLES ON CONICS. 

1. Find the coordinates of the vertex, and centre of the 
conic represented by the equation of Art. 145, and prove by 
means of the equation that 

CL=^e'CSy and that CS ,CL=^CA\ 

2. Discuss the curves denoted by the following equations, 
transforming them, when possible, to their principal axes : 

y«-4a:y+4a;« + 6ac-3y=0: 

(ac-y)»=2(x+y): 

8(a52+y«) + 2a^=4: 

2iBy=«+y: 

(3x + 2^) V5y + Sk - lOy = 3 V5 : 

2xH5a^ + 2y«-3(a;+y)+l=0: 

6ar» + 8iry+5y«-6(a:+y) + 2=0. 

3. If two conic sections touch one another at two points, 
they cannot intersect at any other point. 

4. The coordinates of the centre of the conic 

a h 

are 



1-X' l-\ 

5. The length of the diameter through the origin is 
{2 (1 -HX) (o« + 2a6cos«-t-6^}^ 



\ 



General Equation of the Second Degree, 185 

6. If the origin be transferred to the centre and the axes 
unaltered in directioil, the equation becomes 

a«" ab ■*"6»~1-X* 

7. The diameters of the parabola 

'x\i /y\i 



er*©'-' 



are parallel to the line - = ? . 

a b 

8. The straight line - + v = 5 is a tangent to this parabola^ 

d O Jt 



at the point ( ^ » 7 ) • 



9. The coordinates of the focus are 



a* + 2a6cosw+6a' a2 + 2a6 cos w + 6»* 
those of the vertex 

aft* {a cos (a + b)^ a^b (a + 6 cos w)^ 



IS 



(a8+ 2a6 cos w + 62)« * (a^ + 2ab cos w + 69)8 » 
and the length of the latus rectum is 

4tt*6* sin*M 
(a2 + 2a6 cos M+ 62)1* 

10. The directrix of the parabola (-\ + (|) = 1, it 

(a +6 cos (o)x+ (b +a QOB (a) y—ab cos w. 

11. The equation to the parabola whose focus is the origin, 

and directrix - + f = 1, is 
a 

^_2«y y» 2« 2y_ 
6« a6 "^aa"*" a "^ 6 ~ 

12. OAf OB are two tangents to a parabola ; any other tan- 
gent cuts them in P, Q respectively ; prove that 

OA ^ OB 
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IB. If ft tangent to f-j + [ ^j =1 meet the MZes in P 

ftnd (It and perpendieolan be drawn from P, Q io the opposite 
axea, tbej will miened in the line 

x-rv eodta y+zeoBta 

— +' — . =eocM. 

a b 

14. The equation 

^y=aafl^'2hxjf¥e^ 

represents a eonic seetkm which touches the axia of x at the 
origin, 

15. Find the coordinates of the eentre of the eorre in 
7 : 14, and the diameters throngh the origin, and pazaUel to 

the axis of x, 

16. Determine the conditum that the line 

Ix-^-my^d 
should touch the conic denoted by the general equation. 

17. Find the equation to the normal to this conic at the 

point Xiifi . 

18. Find the equation to the diameter which bisects the 
chord 

19. Find the condition thatxasy, Ix-^-my—d^ should be 
parallel to a pair of conjugate diameters. 

20. is any point, OPp, OQq any straight lines cutting a 
conic in P, p, Q, $ ; prote that Pq, Qp intersect on the polar 
of a 

21. The eqtiation 

(a5+a)i+(y + a)i=(2a)i 

represents a parabola of which the vertex is ori^, the axis in- 
clined at an angle of 45® to the angle of x, and the latus 
rectum 4V2a. 

22. A triangle is inscribed in a conic so that the centre of 
the insoribed circle is a focus, shew that the radius is 

I 

l+(l+e«)i' 
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28. Two triangles ABC, A'B^C* are described about an 
ellipse; the sides with the same letters are parallel. If any 
tangent cut the sides B'C, C'A\ A'B in />, Q, J2, then AF, BQ, 
CR will be parallel 

24. If a circle be described through the foci of a central 
conic, the angle between the tangents at the point of inter- 
secticai is equal to that between the normal and conjugate axis. 

25. Chords are drawn at right angles to each other through 
the vertex of a conic ; the pole of the line through their other 
points of secticoi lies on a straight line. 

26. From any point on the curve -^ + ^ = 1, tangents are 

drawn to -, - , + ^ >a =I : if a diameter parallel to the tan- 
gent to the onter ellipse at the point cut these tangents, the 
portion of each cut off will be — . 

A 

27. Two tangents to one hyperbola are asymptotes to 
another : if the second touch one asymptote of the first, it will 
also touch the other. 

28. A hyperbola of given eccentricity has its centre on a 
given circle. One asymptote passes through a fixed point in 
the circumference: prove that the other asymptote and the 
transverse axis will also pass through fixed points on the cir- 
cumference of the circle. 

29. ABC is a triangle, AB i& fixed, and C moves on a 
rectangular hyperbola through A, B, if P^Q, be the points in 
which ABt BC intersect the circle on AB as diameter, AQ, BP 
intersect on the hyperbola. 

30. 8, B are the foci of an elQpse, and the extremities of 
a diameter of a rectangular hyperbola : shew that the tangent 
and normal of the ellipse, where it meets the hyperbola, are 
parallel to the asymptotes^ 

81 . The length of the diameter through the origin of the 
conic 

ah c c^-ab 
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32. If Ax^ + 2 Bxy + Cy* = 1 represent a rectangnl&r hyper- 
bola, A + C=2B COB w. 

83. A circle is drawn touching a parabola at P, and the 

axifl at the focus. Shew that the abscissa of P is - of the 

latus rectum. 

34. Normals are drawn to a parabola at the extremities of 
any focal chord ; shew that the chord joining their further ex- 
tremities is parallel to the focal chord, and three times as long. 

85. Bectangles circumscribe an ellipse; shew that the 
parallelograms formed by joining the points of contact touch ft 
confocal ellipse. 

36. PQ is a chord of a parabola, normal at P ; if 

PSQ=e, SP=SQ coB^^. 

87. If parallel tangents be drawn to two confocal ellipses, 
the difference of the squares of their distances from the centre 
is constant. 

38. PP'f DP are conjugate diameters of the curve 

y'=-5(2aa5-af*). 
(I 

If the coordinates of P be (^, fc), find those of P', D^jy. H ' 
these four points be the extremities of the latera recta, what is j 
the eccentricity ? 

39. Two tangents are drawn to a parabola from a point on 
the directrix : shew that they cut off from the tangent at the 
vertex a segment equal to the distance of the given point froB 
the focus. 

40. ABC, A'BC are six points on a parabola: ii' 
is parallel to EG, BB' to CA^ CO' to AB, prove that the 9X» 
of ABC is one-eighth of that of A'B'C, 

41. Three tangents to the parabola y^=4aiB are inelint^ 
to the axis at angles 6, 0, \^, and form a triangle ; prove tbit 

the radius of the circumscribing circle is . . "^ .^ ;— -. 

2 sin ^ sin sin f 

42. The segment of the normal to a rectangular hyperbob 
which is intercepted between the axes is equal to the parallel 
diameter. 
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43. On a chord of a rectangolar hyperbola as diameter a 
circle is described, proye that the tangent to the hyperbola at 
a point where the circle oats it is perpendicular to the chord. 

44. The circles described on parallel chords of a rectangular 
hyperbola as diameters pass through two fixed points. 

45. Two parabolas are described tonching one another, 
and having their axes at right angles ; prove that the straight 
lines joining the foci to the points of contact are at right 
angles. 

46. St S^ are the foci of an ellipse : a circle touches the 
ellipse at P and cuts S'PinQ; prove that SP^SQ. 

47. The two conies 

cuc^ 't2bxy +cy« s=l, 

will be oonfocal if 

a-c a'--c' , ae-h* a^c'-h'^ 
__=__.. and -^=-^. 

48. The normal at P, a point on the ellipse -3 -»- r^ °= 1> 

meets the curve again at Q ; PP' is any chord, PR perpendi- 
cular to PP'i if P'Q, meet PR in R, the locus of R is 

X cos ^ sin a' + &' 

where is the eccentric angle of P. 

49. On a chord of this ellipse a circle is described ; shew 
that the normals at the two other points of intersection inter* 
sect the chord in the ellipse 

50. Normals at the extremities of a focal chord bisect the 
base angles of the triangle which has the chord for base, and 
the other focus for vertex. 

51. Normals at the extremities of a focal chord intersect 
on the line which is parallel to the axis major and bisects the 
chord. 
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52. If the tangents through the pole include with the polar 
a constant area, the pole lies on a concentric similar conic 

58. If through two giyen points lines he drawn parallel to 
a pair of conjugate diameters of a conic, the locos of their in- 
tersection will be a similar conio through the points. 

54. Two straight lines are drawn, and two ciroies touch 
these lines and each other : proye that the locus of their poiat 
of contact is an ellipse. 

55. A chord of an ellipse is drawn through a fixed point, 
and a conic touches the ellipse at the extremities of this chords 
and also passes through the centre: the locus of the centre of 
•this conic is a circle. 

56. Two tangents are drawn to the parabola ^'=4ax; if 
the product of the cosines of their inclinations to the axis be k 
the locus ol their point of intersection wUl be the ellipse 

Jk'ac* = (x — »)' + y'. 

57. The locus of the point of intersection of two tangents 
to an ellipse, which intercept on a diamet^ distances from the 
centre, the .product of which is constant, is a eooBMs^itiic hjper- 
bola, and two arcs of a ooncentiic ellipse. 

58. If the bisectors of angles between pairs of tangents io 
an ellipse be parallel to a fixed line, the locus of the point of 
intersection will be a rectangular hyperbola. 

59. If a tangent be drawn to one of two confocal conies 
perpendicular to a tatngent to the other, the locus of their point 
of interseotion is a concentric circle. 

60. If the extremities of the base of a triangle move along 
fixed lines, the vertex moves on a conic section. 

If the vertical angle be the supplement of that between the 
lines, this conio becomes a straight line. 

61. Given a focus, tangent, and latus rectum 22, of a oonifl> 
the locus of the other focus is 

where the tangent is axis of a;, and the given focus tltf 
point (Cf 0). 



General Equation of the Second Degree. 191 

62. If the axes of a system of coaxial conios be represented 
by 2a, 2h ; then if aizh^Cy the locos of the pole of a giyen 
straight line is a parabola touching the axes in two points, 
which lie on a circle with the two points where the g^yen 
straight line cnts the axes. 

63. Shew that if a circle be described abottt the triangle 
formed by a tangent and asymptotes of xy=^€^, the loous of its 
centre is 

(aj + ycosw){y + » cos w) = (^, 

where <a is the angle between the asymptotes* 

64. P is a point on a parabola, Q a point in the diameter 
through P such that PQ=mSP j shew that the locus of Q is a 
parabola. 

65. Confocal ellipses and hyperbolas intersect; if the 
transverse axis (2a) of the hyperbola is equal to the conjugate 
axis of the ellipse, shew that the locus of the point of inter- 
section i» the curve - 

a:4+y4=a«(«*+^'). 

66. A conic is drawn, touching the axes at A, B, and pass- 
ing through a point such that AC^ BC are parallel to the 
axes : if A OB be of constant area, the locus of the centre is a 
hyperbola. 

C 

67. ABQ is a triangle ; BC is fixed : if tan B taii^=i&, the 

locus of ^ ia a conic. 

68. The straight line ilB is bisected at 0, and through 
a fixed straight line is drawn : on this tw& pointa PQ, are 
taken such that PQ=;a: prove that the locus of the inter- 
section of AB^ BQ is a hyperbola. 

69. O is a fixed point, Q any point on a fixed line. From 
Q, QP is drawn perpendicular to OQ^ and subtends an angle /3 
at 0» Prove that the locus of P is a straight line. 

70. If a conic be drawn touching the asymptotes of a given 
conic in P, Q, the locus of intersection of the chords of inter- 
section is PQ. 

71. A straight line A Bis terminated by the axes and passes 
through a given point : prove that the locus of its middle point 
is a conic. 
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72. AOBf COD are two straight lines which bisect one 
another at right angles : if P be a point such that 

PA.PB = PC.PD, 

thB locns of jP is a rectangular hyperbola. 

73. A parabola touches the axes at il, B, which are fixed: 
a variable tangent cuts the axes in 0, D. Prove that the 
locus of the centre of the circle described about OCD is a 
straight line. 

74. Two of the normals drawn from a point P to a para- 
bola make equal angles with a fixed straight line : shew that 
the locus of P is a parabola. 

75. Find the locus of the intersection of normals at the 
extremities of a chord of 

Aa^+ By'+2Cx+2Dy+l=0, 

which passes through a fixed point [hk). 

Shew that the locus is a cubic, which becomes a conic if [hk) 
be on the axis. 

76. P is a point on a fixed diameter of an ellipse, PQ the 
perpendicular, to the polar of P. Prove that the locus of Q is 
a rectangular hyperbola. 

77. Given a focus, a tangent, and the eccentricity of a 
conic, prove that the locus of the centre is a circle. 

78. SYf HZ are drawn from the foci of a conic perpendi- 
cular to a tangent : SZ^ HT intersect in P : prove that the 
locus of P is a conic. 

79. An ellipse is described having for axes the tangent and 
normal at P, a point on a fixed ellipse, and touching one of 
the axes of the fixed ellipse at the centre. Prove that the locns 
of the focus of the moving ellipse is two circles of radii a^b, 

80. If ii be any point on a conic -a + r7 = It and AB, AC 

or 0* . 

chords equally inclined to the tangent at A, prove that BC 

produced meets the tangent in a point M which is independent 

of the inclination of AB, AC to the tangent, and which lies on 

a^ b^ 
the curve -« + -5= (a-^ - 6^)*. 
or y* ^ ' 
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Abridged Notation. Trilinear Coordinates. 

156. Let u represent any expression in a and y, then 
u = will be the equation to some line, which will be 
straight or curved as u is of one or more dimensions. 

Similarly we may denote any other line by 9=0. 

We shall use small letters Uy v, to denote expressions of 
one dimension, capital letters such sls S, U, to denote ex- 
pressions of two or more dimensions. 

The equation C+X>S'=0, where X is constant, denotes 
any curve of the degree which is generally that of the 
highest of the two expressions^ C^ and S, passing through 
all the points of intersection of U=0, £1 = 0, for then 
U'+\S = Ob]so. 

Thus U4'\v = represents any straight line through 
the intersection ofu = and «? = 0. 

If u = and v = are parallel, u + \v = must be 
parallel to either of them, for if not, at the intersection of 
M = and w + Xu = we should have v = 0, which is impos- 
sible if i« = 0. 

Since X is indeterminate, u-i'\v = may be made to 
pass through any point. 

Now let «? = be another straight line, then u + \'B=0 
and to=0 intersect in some point which may be anywhere. 
V. o. 13 
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Hence m + Xt? + /utr = represents any straight line 
through this point, that is, any straight line whatever. 
This equation is generally written 

lu-\-mv-\-nw—0, 

167. Straight line at infinity. 

Let Ix + my = c? be any straight line. Then, if we in- 
crease X and y without limit, we must diminish / and 
m without limit 

This may be otherwise expressed by saying that if 
/ = 0, m = 0, ^ and y must be infinite, since no finite 
values of x and y can satisfy . ;r + . jf = ^. 

Hence we may consider d = 0, the equation to a straight 
line altogether at an infinite distance. 

Thus u = d may be considered to cut the line u = 0, at 
the point for which cf = 0, that is, at infinity ; hence u = d 
is parallel to u = 0. 

Similarly the conies aS' = 0, S = d intersect only on the 
line at infinity, that is, they do not intersect at any finite 
point. 

158. Let us consider the meaning of the equations in 
which each term, or one term, is the product of two linear 
expressions such as e« or «?. 

Let the equations t« = 0, v = (i, w = 0, z = 0, represent 
four straight lines, then the equation 

uv=lwz 

represents a conic, for it is of the second degree. 

If either w = or «? = 0, then must either w = (i or z—0; 
the conic therefore passes through the intersection of m = 
with «/? = or ;2?=0, and also of »=0, with either of these 
straight lines. 

It is therefore a conic circumscribed about the quadri- 
lateral whose opposite sides are the pairs w=0, t?=0, and 
tr=0, z = (). 

Let us take special cases. 
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Let M? = and z = coincide, then their points of inter- 
section with u=Q,v=0, also coincide, and these lines cut 
the conic in two coincident points, that is, are tangents. 

Hence uv = ltjc^ represents a conic which touches w=0, 
r=0, at the points where they cut the line «r = 0. 

«? = is, therefore, the polar of the point of intersection 
of tt = 0, i?=0 with respect to this conic, and conversely, if 
we have three straight lines w=0, t? = 0, t(?=0, uv—ltc^ re- 
presents any conic which touches the first two where they 
intersect the third. 

u and V may be imaginary, while uv is real ; in this case 
t«9 = represents a point within the conic, while tr=0 is 
still the polar. 

Again, in the equation uv=lwz, let J2^=ti^ a constant, 
then ihe line represented by >? = is at infinity, hence the 
conic is a hyperbola, whose asymptotes are parallel to 
M = 0, v = 0. 

If also w=d, the polar of the intersection ofu=0,v = 
is at infinity, the equation therefore represents a hyperbola 
whose asymptotes are w = 0, t? = 0. 

It may happen that u = 0,v = are parallel, in this case 
uo = Id^ will represent a parabola, since v must be equal tu 
u+ky and the quadratic terms must form a perfect square. 

159. Now let S=0 represent a conic, therefore S=luv 
will also represent a conic which Intersects aS'=0 at the 
points where ««=0, «? = meet it. 

These lines will therefore be the chords of intersection 
of the two conies. 

Now let u=v, then the two lines coincide, and their 
points of intersection with S^O coincide, and therefore 
S—lu^ represents a conic having double contact with /S'=0 
at the points where t* = meets it. 

For further discussion of methods of abridged notation 
the student is referred to Salmon's Conic Sections^ or to 
Whitworth*s Modern Geometry, to the latter of which 
books I am indebted for 4nuch of the matter of this 
chapter. 

13—2 



196 Analytical Oeometry. 

TRILINEAR COORDINATES. 

160. In the method of Trilinear coordinates the per- 
pendicular distances of a point from the sides of a given 
triangle are used to determine its position, and are called 
the Trilinear coordinates of the point. 

The triangle is called the triangle of reference. 

The distances from the sides a, &, c of the triangle 
ABC are denoted by a, j3, y respectively. 

It does not lie within the compass of this work fully 
to discuss the methods and applications of trilinear co- 
oi*dinates. It will suffice to explain the elementary prin- 
ciples^ and to obtain some of the more remarkable results 
of those principles. 

For a complete discussion the student is referred to 
Ferrers' Trilinear Coordinates, or to Whitworth's Mcdem 
Geometry. It will be seen that many of the results are 
obtained from the elimination of constants or variables 
between linear equations. It will be a great advantage to 
the student to have read the theory of determinants in 
either of the works referred to, or in Todhunter*s Theory 
of Equations, 

161. If two of the quantities a, 13, y are known, the 
point is fixed, and the other is therefore determinate: 
there must therefore be some equation connecting a, fi, y. 

Let P be the point (a)8y), join FA, PB, PC. 




Let us make the convention that a, fi,y are to be con- 
sidered positive when drawn in the direction from an angle to 
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the opposite side, negative when towards the angle, then 
if the point lie within the triangle, as in Fig. !,«, A y will 





B C D 

be positive ; if in the space between two sides prodnoed and 
the third side, as in Fig. (2), one coordinate is negative, and 
the others positive ; if in the space included between two 
sides produced, two are n^ative, and one positive. 

Thus in Fig. {2)PE= -^, in Fig. (3) PJ^= -ft PF= -y 

Let the area of the triangle ABG=2S* 

Then, in Fig. (I) 

apbc^apca+apab=aabg 

In Fig. (2) PBC+ PAB-PCA =ABC, 
and PCA=\AC,PE=-\hp. 

In Fig. (3) PBC- PAB- PC A ^ABC, . 

while here PGA =-\l>p, PAB= - ^ cy, 

.*. in all cases aa-{-bp+cy=2S, 

162. Every equation in trilinear coordinates can be 
made homogeneous in a, 0, y. 

For since - ^ ^ = 1, we can multiply every term 

of a degree below the highest by this expression, or any 
of its powers. 
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1€3. We maj noir write «, /3, y insteftd of k, r, tp 
rmpecUwetj in Aiii. (Id6 — 159), aiid we see that 

w Hie most genenl form of the eqnatioo to a stniglit line. 
This is also evident bj tnuiaforming to any rectangular 
s jstem, for then we maj write the equation to eadi aide 
in thefMrm 

apcoB6+ymn6=p. 

Henee the general eqnaticms of the first and second 
degrees in trilinears refH^esent the same lod as in Cartesian 
coordinates. 

l&L We can easOj rednce an equation in trilinear co- 
ordinates to the corresponding equation in oblique coor- 
dinates, taking CA, CB as axes. 

Let F be a point : {x, y\ (a, P, y) its coordinates referred 
to the two systems respectively ; then in the fig^ure 

CN=x,PN=y,PF=a,FE=p; 
.'. a=4;8inC7,^=^sin{7. 




Hence, if we wish to transform an equation in trilinear coor- 
dinates, we must first substitute for y its value ^ , 

and then write x9mC,y8mC for a, p respectively. 

The converse process will, of course, be to transform to 
two sides of the triangle of reference as axes, substitute 
acosecCf pcoaeoC for x and^, and make the equation 
homogeneous. 

These processes are, however, rarely used. 
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The expressions for the distance between two points, 
the distance of a point from a line, the angles lines 
make with each other, become extremely complicated in 
trilinear coordinates : problems in which such questions are 
involved are best sdved by Cartesian coordinates. 

165. We have seen (Art 157) that u=lv represents a 
locus through the intersections oiu=0 and v=0: p=ly will 




therefore represent a straight line through A. Let AP 
be a straight line through A, P the point a,)9,y, then 

-p-jff= • pAif ff which is the same for all points along 

AP, therefore " = - — n . „ • 
' y sm PAF 

If, however, a line QA be drawn, catting the exterior 

angle at A, we have %Tr= - r^irr » but QQ. QH are of 
* ' QH sm QAH ' ^ ^ ^ 

opposite signs, therefore - = — . ^ . ,^ . 
*^*^ ® ' y sm QAH 

We see then that P=ly represents a straight line 
through A, and that I is the ratio of the sines of the 
angles into which A is divided by the line, and is negative, 
if tiie line cuts the exterior angle. 

As a specimen* of the advantages of occasionally using 
trilinear coordinates, we will prove the three properties of 
a triangle we prov.ed in Art. 43, that the bisectors of the 
angles, of the sides, and the perpendiculars from the 
angles on the sides meet in a point. 
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(i) Let AD bisect the angle A, then its equation is 




Similarly the equations to the other bisectors are 

2S 



They are therefore all satisfied byo=i3=y=— -,— -. 

(ii) Next let AD bisect BC, then - . „ . y. = t : the 

equation to -4 P is therefore pb=yc; that to ^JE^must be 
yc = aa, and at their intersection aa=pb, which represents 
OF. 

(iii) Next let AD be perpendicular to BC. Then 

DAC=l-C, DAB=l-B: 




D B 
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The equation to AD is therefore )9 cos ^=7 cos (7. 

Similarly the equation to BE is ycosC=acosA, and 
therefore, at their intersection, acos^=j8co8^, the 
equation to CF, 

166. To find the coordinates of the points where the 
line 

meets the sides of the triangle of reference. 

Let 2>, E, F be the points where it meets the sides, 
then at E we have /3= 0, 

and.*. cki + cy=2Sy 

^ + ny=0; 



2nS 



^IS 



,-. 0= 



Similarly the coordinates of D are 



0, 



2nS 



2mS 



nb-mc' mc-nh* 



and of -P, 




N c 



2mS 



21S 



ma-lh^ lb-ma 



, 0. 



Agam, AE= EM cosec A = —, — — = , , 



QoAF= 



Ibc 
lb— ma' 
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Now the more nearly I, m, n are proportionai to a, &, c, 
the smaller do the denominators of these expressions be- 
come, and therefore the farther is the Una 

from the triangle of reference. 

167. Straight line at infinity. 

We have seen (Art 157) that A; =0 represents a straight 
line at infinity, as it is an inconsistent equation. 

Instead of k we may write k Jt ^ 

Hence aa+&/3+(>y=0, represents a straight line at 
infinity. 

This is a very convenient notation, and must be con- 
sidered an abbreviation for the statement in the preceding 
article, that the more nearly ^, m, n are proportional to 
a,b,c, the further is the line la+mP+ny — O from the 
triangle of reference. 

168. To find the equation to the straight line which 
passes through two given points. 

Let the two points be (aj jSj yi), (oa jSj y^, and 
la + mfi + ny = 0, the equation required. 
Then /ai + m^i + wyi=0, 

Eliminating ;,?w,n by cross-multiplication, we have 
(/3iys - Ayi) a + (yia, - y^i) P + (a A - a^ 7 = 0. 

This is the equation to some straight line, and therefore to 
the line required. 

^fj^^ ^^ve to find the condition that three given points 
should be collinear, we have only to write a^, /?3, y^ for 
a, p, y respectively in the above result 



Trilinear Coordinates, 203 

169. To find the condition that three straight lines 
ihould be concurrent 

Let liQ + n^fi + »iy =0, 

>e the equations to the three lines. 

If they are concurrent, the same values of a, 0, y must 
latisfy them all; eliminating by cross-multiplication we 
lave 

170. Hence we can find the condition that two straight 
ines may be parallel 

If they are parallel they intersect at an infinite dis- 
tance, that is, on the straight line at infinity^ 

aa+bp + cy=0. 

Hence we must write a, b, c for /g, m^y n^ in the pre- 
ceding condition, which therefore becomes 

(fniTi, - m^n^ a + (nji^ -nJ^h-¥ {lifn^ - /,mi) c = 0. 

171. To find the equation to a straight line parallel to 
a given straight line. 

We have seen that u^ki^ parallel to t«=0, 

k 
Za + W/S + ny = A; = ~„ (oa + 6/3 + <?y) 

is therefore parallel to ^ + mfi + /2y = 0. 

This is the same thing as saying that the straight line 
parallel to /a + m/3 + ny=0 passes through the intersec- 
tion of this straight line with the line at infinity, and that 
therefore its equation is 

^a + W/S + ny = X (oa + 6)9 + Cy), 
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I^ ID additkn, it pawn throii^ tibe prant oiAyu ve 
hare 

is the equation to the straight line through (oJS^yi) paraHel 
to/a + m3+iiy=0. 

This may also be written 

Equation of the Sboosd Degbsk 

172. The general equation may be written 

fe'+ m/3*+ «/+ 2f^y + 2fii'ya+2ii'a0=O, 

and represents the same locos as the general equation of 
the second degree in Cartesian coordinates, that is a c<hugl 

We will discuss particular cases, when the conic is 
rdated in some special way to the triangle of reference. 

(i) Let the equation reduce to Ai' + 2tpy = 0, the other 
constants being zero. 

This may be written a*=X)5y, and by Art 158 repre- 
sents a conic which touches /3=0, y =0, at the points where 
they intersect a =0. That is to say, a'=X)3y represents 
a conic which touches AB, ACstB and C, 

173. To find the condition that 

la+mfi+ny=0 
shall touch this conia 

This equation may be written in the form 

a=tip+vy 

Where this meets a* = XiSy, 
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If the roots of this equation be equal, 

4/xv=X. 

The equation to any tangent may therefore be written 
in the form 



or putting 2/i=m 



a=M^+^YJ 



m ' 



This conic cannot be a circle unless the triangle be 
isosceles. 

174. Conic described about the triangle of reference. 

If the general equation represent a conic described 
about the triangle of reference, the line a=0 must meet 
the curve in the points for which either 3 = 0, or y=0. 

In the equation 

la^ + w/3' + ny^ + 2l'Py + 2m'ya + 2»'a3 = 0, 

leta=0, .-. mj82+wy9 + 2/j8y = 0. 

This must vanish when /3 = 0, or when y=0 ; 

.'. m = 0, w = 0, and by symmetry / = 0. 

The equation is therefore reduced to 

rpy + m'ya'+ w'a/3 = 0, 

which may be written (suppressing the accents) 

I m n ^ 
a fi y 

176. The conic /i3y+mya + wa)3=0, which may be 
written 

iPy + {my + np) a = 0, 
is cut by the straight line my4-w^=0 in the two points 
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where this straight line cuts j8=0, and 7=0, that is, in two 
coincident points ; 

my+np=0, or ~ + 3^=0, 

is therefore the tangent at A, 

Similarly the tangents at B and C are 

\^ir^' ^ + 1 = 0, respectively. 

a Q y 
In the equation ^+- +^=0 put a,^,y successiyely 

equal to zero, then we get the tangents at A, B, C. 
Hence we obtain this theorem. 

If a conic circumscribe a triangle, the three points 
where the tangents at the angles cut t^e opposite sides 
are collinear. 

176. To find the condition that the line 

shall touch the conic - + 7; + - = 0. 

a p y 

Eliminating a, we obtain 

X//3y = (my + n/3) (/a/3 4- vy). 

If the roots of this ecjuation are equal 

{mfi + np - l\f = 4annyLv. 

Taking the square root 

w/A + 2 (mnfjLv)^ -\-nv=lk/ 

or (/X)* + (m/x)* + (wi/)* = 0, 

where the roots are of ambiguous sign. 
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177. To find the condition that the drciunscribed 
oonic shall be a circle. 

Let DE be the tangent to the circle at A, 




Then DAB^C^ EAC=B. (Euo. iil 32). 
Therefore the equation to DE is 

p%mC-hyBmB=0, or ^4- 3^=0. 

Now, if the equation to the conic be 

i m n ^ 
a P y ' 

the equation to the tangent at A must be 

- + - =0, or ^- + -^ = 0; 
3 y ' m n 

R y 

this must be coincident with ^ + -^=0, and similarly for 
the equations to the tangents at B and C. 

l,m,n must therefore be proportional to a, 6,c re- 
spectively, and the equation to the circumscribing circle is 
therefore 

a b e ^ 
a ^ y 
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178. To find the equation to a conic inscribed in the 
triangle of reference. 

Wo have seen that u*=kvw is the equation to the 
conic which touches v=Oj w=0 at the points where these 
lines meet 2«=0, or with respect to which f«=0 is the polar 
of the intersection ofv=0,w=0. 

Let A be the pole of 

/a+m/S+n-y = 0, 
then the equation must be of the form 

{la + mp + nyf=k^. 

Now if k=4mny this equation may be put in either of 
the forms 

(Ja + m^ — nyf — — Anh/Oy 

or (fe - m^ + nyY — — Alma!^ \ 
this shews that B and C are the poles of 

/a+wi/3--ny=0, and la—mp + ny = 0, respectively. 

The conic therefore touches the three sides of the triangle 
ABC. 

We may write the equation in the form 

(/a)* + (wi3)* + (wy)* = 0, 

since this equation when cleared of radicals beoomee 
identical with 

l^a^ + m^fP+n^+2lmaP+2mnPy + 2nlya=0, 

where, however, either three or one of the coefiicients of the 
products must be negative, or the equation will be a per- 
fect square and therefore represent a straight lina 

179. To find the condition that the straight line 

Xo+/Li3 + i7=0 
shall touch the conic 

(/a)*4.(wii3)*+(i7)*=0. 
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We may write this latter equation in the form 

m/3 + ny 4- 2 (mw/3y)i = ku 
Multiplying by X and substituting for Xa, we obtain 

(mX + //x) /3 + (nX + /j') 7 + 2X (ww/Sy)* = 0. 
If the roots of this equation be equal, we must have 

(mX + Ifi) (nX + Iv) = mn\\ 

or, dividing by tkiiv, 

I m n ^ 

r- +- + -=0. 

\ fx y 
We may observe that the condition that 

Xa+ft^ + i7=0 
should touch the circumscribed conic 

I m n ^ 

- + -- + - = 
a fi y 

is (/X)4 + (mfi)^ + (wv)4 = 0. 

If we write a, /3, y for X, ft, v in this equation we get the 
equation to the inscribed conic, and similarly if we make 
the same substitution in the condition for the line touching 
this conic we get the circumscribed conic. 

180. To find the equation to the circle inscribed in the 
triangle of reference. 

A 




B ^ N C 

Let be the centre, 2), E, F the points of contact with 
the sides BC, CAy AB respectively. 

Let the radius be r ; join 0-4, 0C7, OE^ EF, and draw 
EM, EN^AB, -4(7 respectively. 

V. a. 14 
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Then EM=AEKaiA = OE cot ^ sin ^ =2r cos*^ .- 

2 2 

Q 

Similarly EN= 2r cos' - . Hence the coordinates of E 

iu-e, 2rc(Vi* -, 0,2rcos*— • Similarly the coordinates of -F 

B A 

are 2rco8'-5, 2rco8*-, 0. 




B 

Now the equation to the straight line through (oj ^x*i\it 
Therefore the equation to ^^ is (dividing by 2r} 

— aCOS*— + pCOS'-r-COS*-^ +7(508' xCOS' - = 0, 

or acos* — -/Scos^- -ycos'- =0. 
^ ^ ^ 

The equations to FD and 2>j& may be written down by 

symmetiy. 

Now FE is the polar of A, 

The equation to the circle must .*. be of the form 

(aC08« —^cos'^-ycos*^ =A»/3 (Art 169). 

A B 
New if A;= 4 cos' ^ cos*-^ , this equation becomes 

2 2 

a' COS* "2 +i32c08* 2 +7*008*2 = 

2 ( i3y cos' cos' ^ + ya cos' ^ cos' ^ + "^ ^^* o ^*' 2 ) ' 
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which is Bymmetrical with respect too, p,y, A, B, C, and 
therefore is the equation required. 

This equation may be written 

a^cos ~ +i3' cos - +y^ cos -=0 . 

By a similar process we may find the equations to the 

escribed circle which touches J9(7and the other sides pro- 

1 Ah B k C 
duced to be (-a)'cos - +^^ oos ^ +7' cos - =0, and so for 

the other escribed circles. 

181. To interpret the equation k? + wl^• + nr/ = 0. 

If /, m, n are all of the same sign, this equation is im- 
possible; one of these quantities must therefore be of 
different sign to the others. 

We may therefore write the equation 

Since this may be written in the form 
(^o + m^ff) (Z*a - «n*0) = ny\ 
we see that y- is the polar of the intersection of 

Z^o + wi^i3=0, and /^a--m^/3 = 0, 
that is, AB is the polar of C. 

Similarly, since the equation may be written 

(^a + w*y) (^o - niy) = m)3» 
CA is the polar of B, 

Again, since the equation may be written 

(m*^ + ^/^ n*y) (m*^ - J^ n^y) = /o«, 

and the imaginary lines m^/3 ± J'^ nK = intersect in tlie 
real point A, we see that A is within the conic, that these 
lines are the imaginary tangents from A, and that BC is 
the polar of A. 

The equation therefore represents a conic so related to 
the triangle ABC, that each vertex is the pole of the oppo- 
site sida 

14—2 
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If two triangles ABC, A'BC are so related to a conic 
that A, B, C are the poles of B'C, CA% A'B\ these 
triangles are said to be conjugate. 

If the two triangles coincide, ABC is said to be self- 
conj agate. 

We see then that the triangle of reference is self-conju- 
gate with respect to the conic 



EXAMPLES ON CHAPTER Vni. 

1. If tt+t>+ir=0, -tt+v+tr=0, M-r + ir=0,tt + v-fp=0, 
form a quadrilateral, the diagonals will be represented by ii=0, 
f=0, ir=0. 

2. If ti=0, v=0, tr=0 represent 3 sides of a qnadiilateral 
andM+r+ir=0 the fonrth, then tt + v=0, t; + t(;=0, K7+tf=0 
represent the three diagonals, and u-2; = 0, v-t(; = 0, ii7-ii=0 
the lines joining the vertices with the intersections of those 
diagonals which do not pass through them. 

3. If «=0 be the equation to the straight line at in- 
finity, 

« + t; + »=0, tt + v-»=0, tt-t;+«=0, ti-t>-«=0 
represent the sides of a parallelogram whose diagonals are 

tt = 0, 17 = 0. 

4. Interpret the equation 

(a; cos a +^ sin a -jp) (x cos /3 +y sin /3 - g) 
= Z (a5C0S7+ysin7-r) (xcos d+y sind-«), 
and find the condition that it shall represent a circle. 

5. is the orthocentre of the triangle of reference : prove 
that the equation to OG is a8ecA=pBeGB. 

6. Find the equation to the straight lines which join the 
middle points of the sides, of the triangle of reference. 

7. Find the equations to the straight lines which join 
the feet of the perpendiculars from the angles on the sides. 
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8. Find the equation to the straight line which passes 
through A, and is parallel to la + mp + n7 = 0. 

9. Transform the equation 

Za + in/3 +717=0 
to oblique axes AC, AB, 

10. By means of quest. 9 find the length of the perpen- 
dicular from (oj/SiYi) on ^ + «i/S + ny = 0. 

11. Find the equation to the straight line joining 
the centres of the circumscribed and inscribed circles of the 
triangle. 

12. Interpret the equations 

aa=)36 + 7C : 
o+iS + 7=0: 

acos^ +/3cos5 + 7COsC=0. 

13. j87=\*o* is the equation to a conic : prove that 

^ + fi7=2Xa, 4+/7=2Xa 
touch the conic, and that the polar of their intersection is 

14. Prove that the equation 

always represents a circle, and may represent any circle. 

15. If (a'/3'7'), {ayY) be two points on the conic 

I m n ^ 
a ^ 7 

the equation to the straight line joining them is 

a'a""^/3'/3"'^7Y'~ 
and that to the tangent at (a')3'7') 

la wi/S ^7 _ n 

16. Find the coordinates of the middle point of the chord 
in the preceding question. 
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17. Find the equation to the straight line joining the 
middle point of AB^ and the intersection of tangents to the 
conic about ABC at A and Bi and hence find the coordinates 
of the centre. 

18. Find the condition that the conic may be a parabola. 

19. Find the equation to the straight line joining A 
and the middle point of its polar with respect to 

(te)i + (mi3)4 + (n7)*=0, 
and hence find the coordinates of the centre of the conic. 

20. Find the condition that the conic may be a parabola. 



LIST OF FORMULAE. 



The coordinates are rectangular unless otherwise speci- 
fied. 

Hie Point, The distance between {x^^ and {x^^ is 

{(^,-;r,)2+(y,-y,)2}. 

The area of a triangle is 

If the coordinates be polar, these expressions become 

W + r,* - 2rjr, cos (^ - ^,)}4, 

^/VVs I sin (^1 - ei\ ^ sin (^,-^3) ^ sin(^3-^t )l . 
2 I rs ri r, /* 

Transfcyrmations, Origin changed but not axes : 
x=af+h, y^j/ + k. Axes changed but not origin: 
a?=ir'cosd— y'sind, y-iu^sin^ + y' cosft 

Also a?=rcos^, y=rsin^, a^-^y^=r^, tan^=-. 

X 

The straight line. 

Ix+my—d : general equation, any axes. 

ng at 

- + ^ = 1 : in terms of intercepts on any axes. 

5~^i = f "~^ • through the pohits (x^y^), (a?^,). 

If the line makes an angle 6 with the axis of x, and r 
is the distance between two points {xy\ (^1^1), 

a?=;ri+rcosd, y=yi + r8in^. 

^ cos a + ^ sin a=p : where p is the perpendicular from 
the origin which makes i a with axis of x. 
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r cos {0—0)= Pi general polar equation. 
8in(^i-^,) sin {6^ - 6) sin(^-^i) 



n ^s 



0, 



polar equation to the straight line through (ri^i), {r^%l* 

7 vn 

If lx-\'my=d, I'x-^mfy^d' HYQ parallel, « = — ?; if at 
right angles W + mm' = 0. 

The distance of (a?y) from lx-\-my=d is -7;;; — ^^-r-. 



{P+m^ 



Circle. 



Eq tuitions : a/^+y^= c\ centre origin ; 

(ar-a)2+(y--6)«=c*, centre (a,6); 
aj* + y* + 2^0? + ^By + (7= 0, general equation^ 
r=/co8(d— o), polar equation, pole on the curve. 

Equaticms to tangent; at the point {x^, y^), xx^ + yy^ = (? ; 
to any tangent, :v cos ^ + ^ sin ^ = c. 
hx-\'Tcy-(? is the polar of (A, A;). 
^1 - /Si = 0, radical axis of /Si = 0, /Si = 0. 

Parabola. 

y'=4aa?, equation to curve. 

yyi = 2a (a?+irj to the tangent at {x^y y^, 

y=x tan ^ + a cot ^ to any tangent making an angle with 
the axis : a cot^ 6, 2a cot B the point of contact 

^=2acot^, diameter bisecting chords parallel to this 

tangent. 

x-ha, focal distance of (a?, y), 

y^=ia'Xf equation to curve referred to a diameter and its 

tangent. 



LIST OF formulj:. 



The coordinates are rectangular nnless otherwise speci- 
fied. 

The Point, The distance between (^i^i) and (a^^^ is 

{(;Pi-;p,)2+(y,-y,)2} . 
The area of a triangle is 

If the coordinates be polar, these expressions become 

{ri«+r,»-2rjr,co8(^-^,)}*, 

^r.r^r^ \ Bm{0,- B^) ^ sin(^,-^,) ^ sin (^3-^ J] . 
2 I r, ri r, /' 

Tram/ormations. Origin changed but not axes : 
x=xf'\'hy y-j/-^k. Axes changed but not origin: 
;ir=a?'cos^— y'sin^, y-a^sin^+y'cosA 

Also a?=rcos^, y=rsin^, a^-^y*=r^, tan^=-. 

TJie straight line, 

Ix-^my-d : general equation, any axes. 

- + ^ s= 1 : in terms of intercepts on any axes. 

5~^/ = f "^ • through the pohits {x^y^), (;r^,). 

If the line makes an angle 6 with the axis of x, and r 
is the distance between two points {xy\ (^1^1), 

a?=a?i+rcos^, y=yi+rsin^. 

^ cos a + ^ sin a =/? : where je? is the perpendicular from 
the origin which makes i a with axis of x. 
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AXT GOXKBL 

r ' 

pohr eqottioi^ loeu iK)^ azU initii] finei 

-= eot (^ - ^ +« eot ^, tangent ai (rj^ 

represents a ooidc: tbe som of the three first terms equated 
to zero gire the directions of the asjmptotesL 

The oonic is an dlipse, parsbola, or hyperbola as 

B'-AC^y =,0or >a 

Abkidged Notation. 

tt=Xr, passes throogfa the intereection of tt=0, «=0. 

itv=Xiez, drcumscribes quadrihderal, of whidi u=Q, 
v=Of said to=0, 7=0, are pairs (^opposite sides. 

If tfr^XfT*, to=0 is the pokrc^theintosection of u=0, 
r=0. 

Tbilhieab CooBDnrATE& 

la + mfi ■\-ny=0, represents any straight line. 
Pa?=py, a conic tondiing AB, AC, at B and O. 

2la=fnfi-\--^ , any tangent to this conic. 

+ ^ + -=0, a conic circumscribing the triangle, to which 
a p y 

- + ^=0 is the tangent at C. 
a p 

- + "s + =0, the circmnscribing circle. 
a p y 

(la)i + (fn0)i + (wy)* = 0, the inscribed conic. 

/a^+m/3'+ny'=0^ a conic to which the triangle is self- 
coigngate. 



ANSWEKS. 

Ex.4. I. i. (2.1). ii. (10,7). iii. (^^.^^). 

iv. (±8, ±6). V. f 6 or 3, g or ^ j . vi. (0, 0, or 4a, 4a). 
\ii. (±2a, a), (viii) (±a, 0). 2. 6a; V^*; «; VlOa; 

^/37a; Jsb; (l+^-^2?^)*a; ^/7^. 

3. V2; 7V2; 2V2; V2a; (A« + 16;f«)4; V2(a-6); 10a. 

4. 2asm2; o(l + — g— j ; 4 cob - ; ^13 + 12 cob w; 
\/Iaul2coBw. 5. {a'+6'+2a6cos(^-0)}4; 2aBin^; 2aoos^; 

a^/6T2v3. 6. (2,2) ; (1, - 2); (0,0) 5 (y , *) • 7. (i) | ; 

1 r* 5s/3 

(ii) 12. (iii) g («iy« - ^lyi)- H «*• W 2' ^^^ 4 *'* 

Ex. 6. 1. »'+y=0, {B'+y'+4=0, x'=y', 
a^+y'a+2(«'+20+l=0, «^-y^+2(«'-yO = l. y'«+2/=4aJ'+3. 
2. ^2/=^, 2a:'y' + a«=0, f^=2a{j2a/-a). 3. r«cos2^=a«, 

r=a, r=4acot^ooseo^, roos(^-a)=a. 4. — =l-cos^. 

T 

5. ysxtan^, a5'+y'=c', aj+y=Z, a:'-y'=a», 
(fl5»+y«)«=aV-y')- 

EXAMPLES ON CHAPTEB I. 

1. a cos -T- , a sin -J- , where n iB integral. 

„ 2»+l . 2n + l , ..XI 

2. a COB — 5 — T, a sin — ^ — ir, where n is integral. 

8. (a, 0), (2a, a), (2a, 2a), (2a, a), (0, o), (0, 0). 

6. (1) 2» o°ot-4; rcot^, r. (2) ^ cot -4 cosec C, 

a flp 

^ootji cosec^; rcosecil, rcoseoil. (3) i2, --C; 

m m 
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A A n h 

rcoaec-,-. 6. g,-. 7. (OO, 0; - 3a, 3a ; 3a, 3a ; 
9a«. pi) 0, 2, 2, 0, 2. 9. x=0. 13. tang= yemu 
r = («• + y« + 2iry cos «)i . 



Ex.6. 2. z+y=a+b;hx=hy;x=h;y+l=0;x-y +1=0', 

x-y+l=0: fc08^ + ?smi±*=C06?^. 
a 2 6 2 2 

x+1 
3. y-2=-— -. 4. a!=y. 6. z cosa-y sma=&. 

.2 . ,3 



Ex. 7. The angles are |, |, 0, |, -*^"^3 » -**^~^2' 
tan-i|, -tan-i|, tan-i2, J, T, |, _|, _| respec- 

6 1 

tively, and the perpendiculars 2, -3, 1, 0, 0, -prs , e» 

. -^lo 5 

1 1 2V3-1 2^3-1 

6' V5' 2 ' 2 ' ^» ^ ^• 

Ex.8. 1. a;+V3y=0,V3a5+y=0. 2. (a + 6)y = (tt-6)(a5-o), 
(tt-6)y+(a+6)(a;-fl^=0. 3. (y-6) cot(o±/3)+x=0. 

^ 5x &*~as 

4. — , tan-i-^-^, 6. Ax+By=^10A, or ila+^&, or 0. 

6. y=»ia;±a(l+i»«)^. 7. jBa5=il(y-6). 8. ax-6y=o*-6». 
-. ,y « ^^.^ «ww«^, . 10. y=iiM5+= . 

_ . - 1 cos^ sin^ 1 V3 + 1,. - ^ 

Ex.9. 3.- = +— T— ; - = ^^ (sm^-ooB^; 

r a or a ' 

2rfaji0=y/da. 4. 0=^-B; rco8 0=booaA, 

rcofi{0-'A) = eeoBA, 0=^-B, r=acotil. 

Ex.10. 1. 2V2. 2. -A. ^•^^- ^' T* 

3a6 ^ a«-6> ._ Ah+Bh+C-D . c« 

5. r • "• r • • • .. — • o. 



(a«+6«)i* *(a«+6«)^' * (il«+i^)i ' ' (k*-k-l^^' 
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9. p. 10. — (1 + m^a, 11. __ . 

- ^ - 30 ^ 2 1 58 31 2&« - a» 

1^ U, l; ^g, -^^; g, -g; -— , — ; ^,+ ja «» 

2a«-&« 2a&» 2a«& (m-iiit;)^ -ii (C-D) 

(m-ifA;)ii-P((7-i)) , Ac« Icd^ . - • 

^^* 14. (1) and (2) intersect in (4, - 3), (1) and 



2(a« + &«)i 

(3) in (1, 0), (1) and (4) in (6, -6), (2) and (3) in (g, ^^ , 

(2) and (4) in {^ , -4^, (3) and (4) in (- J, -Q . 

COB —-!-- Bin —^ 

a — p a — p Sin a 

cos - *- cos —~- 

p^-Of cos a ^ T i'l "" ^ cos a , Ps ~ ^ c°^ * 
Sin a sin a sm a 

17. «cosa+yBina±-2^-jj-'(^a-|>i)=^iy^; »=— - ; 

y = VsinT^ ' (« - ^) (Pi - Ps) cosec a. 

18. a-ft, 6-*; ~ + | = l, (y-Jt)(a-2A) = (a;-A)(J-2Jfc). 

(h^ + k')' ""• """ 2a6 ' 

y/Z (a« - &«) = 2ab. 






Ex.11. l.(«-A)^-L)+(,-*)(^^-y=0. 
2. (^i(7,-^Ci)!t+(5i<7,-B,Ci)y=0. 3. |-5 = ^« 
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^ ^ ^ -. 3. x»+y»-2a(x-y)+a«=0. 

4. a5« + y« = 2o(3«+4y). 5. «»+y»+26»+c«=2|(6+c)a5+(6-c)y}. 
6. x'+y'=«a;+&y. 7. This may be ob- 

tained thns: let x^ + y^ + 2Ax'\-2By=Q be the eqnation ; then 
a5i* + yi* + 2^jCi + 2J9yi = 0, and «j«+y,«+2Jac,+ 2^y5=0, whence 
A and ^ may be obtained. 8. Write x^ - ars, 

yi-y8» «8-^' ya-ys* ^^^ x^, y^, a^ y, in the result of 7. 

9. 3(«2+y») + 2(a« + &") = (5a» + 2&«)^+(66» + 2o«)|. 
in /« &\ ^ (a^ + 6'').^ /6a« + 26> 56« + 2a»\ 

^^- \V 2) ^^—2-^' V-6^' — BT-j 

^ (4a« + 63a*6«+63a«6*+466)i 
and ^^ TTTTi ^. 

11. (OTS-Z«)(x3+y2)_2(OTa; + iy)(j»»-i»)i(a«-6«)* 

+ ^a«-m«6«=0. 

12. a:8 + y* = db2a(a;dby). 13. a;«+y«=V2oy. 

16. ar' + 2xy COB w + y'=Ax + A:y. 17. -^-, 2a, (V3a, V2a). 
18. COB w= — J— . 20. If the given length be 21, 

r-{p'+P)K 23. 2(0'- -Igj)*. 

Ex.13. 1. aj=c; 3x-4y=5c; fcB-&y + c'=0. 
2. (i) X sin a - y COS a = ± c ; (ii) (bx + ay)» = c»(a« + 6*) 
(iii) (5x -Ay)^ = (A^+ J5«) c^ ; (iv) If the given point be (0, 6) 
the equation to the two tangents is (6*-c*)x*=c*(y -6)« 

C :^ d 

(v) In the equation, xcos^ + y Bin^ = c, cos(^-a) = 

(vi) x + y=V2c. 8. (il« + 5«)c» = C«, (xiBina-yiC08ei)«=c« 
6' = (1 + n*) c^. 6. The points of contact are ( - a, - 6) 

(2a, 6); (c, 0), (0, c); ^2ccobs|, 2csin»|V- (0, 6). 

6. (acos^ + 6 8in^-|))*=a* + 6'. 11. ^=J+o, 



2 



rcos(^-a) = t. 12. ^ = T+i^±^. 



5. 
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5. (l-m)2>(ycoB-2^-a;sin— 2^ j 

=cj(y-a;) cos -2^+l> ^^cos -g^-Bin-^^jl . 

6. i»=l. 7. y + (V2-l)(« + 2) = 0, (v2-l)y=a5+2. 
8. |>+9=5(co8a + Bina). 

EXAMPLES ON CHAPTER n. 

2. c«. 3. 0. 4. -1±1^. 

{p sin 0-7) +y sin (7-0) +r sin (a - /3)}* 
2 sin (a - /3) sin (/3 - 7) sin (7 - o) 

6. If 2 l>® ^^ given area, y-&=m(fc-^) will represent 

either line if m be one of the roots of (mA-&)^+mc'=0. 

8. (i) the axes; (ii) the lines 2=d=y; (iii) the axes, and 
x=y; (iv) Jx+^y+l=0, jBa5+^y=0; (y; a;cosdd=y8in^= d=|); 
(vi) a; + 2^=0, a;=±V2y; (vii) fl5+l = 3y, or a;+y+l = 0; 
(viii) t** > point 6, 3; (ix) a;+3 = 3y, or a;=y + 3. 

9. (i) represents the 4 points r= dba, ^=dt:a; (ii) the point 

(a, o) ; (iii) the two points (a, /3), (6, o). 18. - + 1=2. 

Cv o 

19. -+3=1, where a, /3 are determined from the equations 
a /* 

0/ b 

- + ;5 = 1, a*-2o/3cosw+j8*=c'. 20. zcosoi+y^a cosw, 
a /* 

«■•/•% , as sin a a; sin a . 

x-\-y coBio=a, 21. (1) y-o=-: — -, n or y-^-r—. r=6; 

^ ^' ^ 8m(w-a)* * sm(«+a) 

28. inches. 

V178-80V2 

Ex. 12. 1. 3a, 4a, (a«+6*)4. 2. (a, -a) and (2a»+c^i, 

(_i..i)^^vi^,(i..)^i,(.i,.)«^ 

f- (0. -|) ""dl. (-f . 0) "nd^., (-?. -|) and 
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^--~^. 8. x»+y«-2a(a;-y)+o«=0. 

4. as«+y»=2a(8a;+4y). 5. aS«+y»+26«+c»=2{(6+c)a;+(6-c)y}. 
6. a5»+y*=«5+6y. 7. Tids may be ob- 

tained thus: let x^+j^+2Ax-^2By=0 be the eqxiation; then 
«i' + yi* + 2Axi + 2^yi = 0, and ac,* + yj* + 2 J aca + 2^y, = 0, whence 
A and £ may be obtained. 8. Write a^ -> ar„ 

yi-y* ^-^» ya-yi. ^or x^, y^, x^ y, in the reault of 7. 

9. 8(aJ«+y«)+2(a« + 6*) = (6a« + 26«)- + (66* + 2a»)|. 

11. (i»« - P) («» +y«) - 2 (maj + iy) (»« - i«)l (o«- 6«)i 

12. a^ + y* = ±2a(a;iy). 13. aS*+y«=V2ay. 

■»■ »• (s- f) -^ (^'- 

16. a:'+2jry co«w+y»=Aa;+*y. 17. -^ , 2a, (y/Za, \/2a). 
18. COS »= — J— . 20. If the given length be 2/, 

r-if^+P)i. 23. 2(c»-^^^)*. 

Ex.13. 1. x=e; Sx-4y=5c; ?ix-ky+c^=:0. 

2. (i) af «in a - y COB a = ± c ; (ii) (bx+ ay)' = c«(a' + 6*) ; 

(iu) (^a;- Jy)«=U«+B«)c2; (iv) If the given point be (0, 6), 

the equation to the two tangents is (6*-c*)a:*=c*(y -&)« ; 

c ^ 8 

(v) In the equation, a;cos^ + y«in^=:c, co«(^-a) = ; 

a 

(vi) x+y=y/2c. a. (J« + 5*)c*=C«, (acisin a -y^ cos &)«=<?«, 

6' s (1 + n') c'. 5. The points of contact are ( - a, -b); 

(2a, b); {c, 0), (0, c); ^2cco8«?, 2csin«0; (0, 6). 

6. (aeos^ + 6sin^-l))*=o«+6«. 11. ^s=J+a, 

rco8(^-a) = t. 12. ^ = ^2~'*'I* 
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Ex. 14. 4, 5. straight lines. 
7. {x-h)* + (y-k)^=b(xcoBa-^yBma-p), 8. It BAC=ta, 

and CD=c, the locua is a:*+2awcos w+w'== 5—. 

10. Take BC for the axis of x, ^and the straight line bisecting 

it at right angles for the axis of y^ and let j8C7=2a, the locos 

m— 1 

IS x= a. 

w+1 



EXAMPLES ON CHAPTEB HI. 
1. x+y=c; 2x + Sy=rc; {a + h)x + {a-b)y^c\ 

• V ^' ^ / * \2a* 2bJ* \x^mii0i^y,co8d' 

.-f^^^ , ); (^, 0), (0, ^). 6. They all 

a?! sin d - yi cos ^/ ' \a J' \ hj ,. ^ 

pass through the points of intersection of {x - Oj)* + (y - 6l)*=fl^ 

(«-as)«+(y-6,)^ = C2«. 7. aj+y=3of (l)and(2); 

2a;-4y + 5 = of (2) and (3); 4a;-2y=^l of (3) and (1); 

the radical centre. 13. (a;-8c)*=16y* and 



(e' e) 



(3a;-8c)2=7y«. 14. ar» = c*, and, if a>c, 

{2y-(a + l)}»c' = (a« + 2a(;-3c«)x«. 15. a;=o+c. 

^^- 2} ^^T6^ i x'-ax+y«=_2-. 

19. a; + y+l = 0. 20. The axes. 21. \ic^-2{a-hf\^. 

22. (a-h) cosa+ (6- A;) sin o =fc [c^ - ) (a - ^) sin a - (6 - jk) coso}']^ 
and .*. the condition is {(a - A) sin a - (ft - k) cos a}* = c*. 

24. |a;-(a« + 2a6cosa + 6«)^}8 + 2/* = 6«. 

28. (x - a)2 + (y - 6)^ = (/i - a)« + (A: - 6)2, where (a« + JP)^ 



EXAMPLES ON LOCI. P. 93. 

1. Take the middle point of EC as origin, BC as axis of x. 
(i) ^ax=d\ (ii) (l-m«)(x«+y«) + 2(l + m«)aaj + (l-m«)a«=0, 
(iii) 2(x3 + y« + o2)=:ca^ 2. A straight line parallel to the 

loci of B and C 3. Take J) as origin, i)^ as axis of i, 

and. AB pnjallel to that of y ; let -45=25, DE=a ; the locus is 
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2hz a a (y + &). i. The straight line which bisects the angle 

ml 

BA C. 5. Take ABB, AECab axes, the locos is ma; +y = — 7 . 

m+x 

7. If the fixed circles be a:* +y* = c*, (af - o)« + y* = c^, the locus 
is the circle «" + y* - c* ==/*{(« - «)' +y' - c^J. 

Ex.15. 3. 4(2dbV3)a. 8. x^^^^^^a, x^^^^^—^a, 

Ex.16, 1. a!=(jciigi, y=^^^. 



a 



2 m(l+m2)i' 

a(l + m«)^ , ^ 8. The -tangents intersect in 

m 

the point \ — ;, af— +— ,U; the polar of this point is 
(mm \m w*/) 

{m + m')y=2 (mm*x + a) ; the normals intersect in the point for 

, . , /« 1 1 1 \ 3 m+m! 

10. The equation to the two tangents is 

[|(c« + 4a«)i-c}aj-2acp=2{(c«+4a2)i-c}cy«. 

11. x.=2a^-x^ + {x,x^^+x^, y=Mi(^+yi). 

12. The coordinates of p are ^-^ , - ( Vi + — ) , and the 

length of Pp IS -^-^ — -^^-i- . 



EXAMPLES ON CHAPTER V. 

4. a;=2((j-2a),. and 2aaj* = (c-2a)y«. 22. y = aJc. 

/.a 
28. y»-4aaj=fc«a*. 24. kx=a. 25. (aj-a>« + y'c=^. 

27. y'=o(a!- 3a). 29. Let S be the given focus, SY the 

perpendicular from it on the given line ; the locus is the circle 
described on SY as diameter. 30. Let SQ = r, Q8X— ; 

the locus is r % 2a cot ^ . 31. With the same notation as 

in qn. 80, r=4a cosec*^. 32, 88. Straight lines through 

the extremity of the given diameter. 36 — 41. Parabolas. 



V. G. Yb 
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Kx.17. 1. &±. V«; (a) \, 3; ^ ±, ±; 

*^ 5' "8 • «.«. ». va:^. *• 8^ ;;^'- 

7. In 6 the emre may be a hjperix^a. 9. If tf 

be the indiiiation ieq[iiired, (i) taii*0 = ;^; (ii) tan*^=-; 

€r a 

(Hi) tan* 0=1. 10. If 26 be the grram length, a the 
given indinaiion, a^=— ^^- j — P, t^=(l-c'o(M^a)2*. 

11. If ^ be the given inclination, a^= — . ^ . P, 

Ex. 18. 1. (i) If be the an^e of inclination to the axis 

e* 
of X, ^theareaof the given triangle, o^ tan 0^6* cot tf+e*=0; 

X V 

(ii) In the ellipee - + r= ^V^ ; in the hyperbola, the asymp- 
tote -+|=0; (iiq (a;j=y)«=o«i6»; (iv) («coB0+y8m0)» 
=a'co8'0db6'sin'0, where heosd+ian$=i, 
2. In the equation zco6^+y8in&= (a'cos>9 + &'Bin'0)^, 
(a'cos'0+6'sin'^^(8ee&+eosec^=2. 3. In the same 

equation (a*eo8'&+6'8in*&)^ (sec 0+cosee ^ + sec cosec ^«= 2f. 
4. In the same equation «' cos* ^=2r*(l +«*)-(! -to)'. 

7. «+V2y=V<5. 8. (l-«»)^a;+€y=(l-e*)*a. 

il-<»(2-«*)cos«^l4 



14. P(?-6 
CK = 



l-e*coB^0 
(l-f*)5coB^sin& 



{(l-e*cos«^)(l-€«(2-«»)co8«0)}i 

acx±{(a»-ft')»-tV}*y=0. 17. ,j_^j(a*-«VA 

Ex.19. 1. 6*a;+oV=0; Wc=aV; a'y+6'»a;=0; oy + 6fl5=0; 
6«ajoos0+a«yBin^=O; ay=6aj. 8. (a»-c')^y=db(c*-6*)^«. 
0. (3a + &)^y = :t (86 + a) ■ a;. 7. The same as in qu. 6. 
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Ex. 20. l.(&'oo8S0+a*sinV)^tan0, -(ft^oosV+a'ainvA 

(l-««OOB«0)i* (Idkeoos^)** 2(l-««0OB»^)i* 

ae sin ^(1 T< cos 0)» 

^ e 6* cos* ^+ a* Bin* ^ 
tan 0» , o « . 4 i^ tan^. 6. ^^-^ = 1+ 1-. 

7. (o«coB«0+6«sin«^)i (a«sin*^+6«co8«^)i. 
9. cos«0b4— S» (a«-c»)*y=5±(c«-6«)«. 



EXAMPLES ON CHAPTER VL 
13. (ma;-y)(m«6«+a'')*=m(a«-ft«)* 

EXAMPLES ON OONIOS. 

2. Two straight lines ; a parabola ; the transformed equa- 
tion is 2a;*+y'=2; a rectangular hyperbola ; a hyperbola; the 
two straight lines 2x+y=lt2y+x=l; the point of intersection 
of these two lines. 

^^••^c' ftTI^' aa!+5y=0, (&«-ac)y+aX=0. 

16. {AC-B)cP+2{{CJ)''EB)l+(EA'BD)m)d 

+ {mU - 2mlB + CJ?) P^ {mD - lEf. 

17. (a;-JBi)(5aJi + CVi + E)=(y-yi)(i4{Ci + ^yi + i)). 

18. (Ax+By+D)l=(Bx+Cy+E)a. 19. {A+B)m^(B+C)l, 

88. 2a-^, -Jfe; a(l-f), ^(^-«); «(l+t)» 

— (*-a); -2~. 
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gXAMPLBS ON CHAPTiai VIII. 

4. A eoniQ ; (see Art. 158). The conio becomes a oirole, if 
Z = -l, a-»-/3=x+7 + 5. 6. aa=bp + ey, &e. 
7. aco8il=/3co8 fi + 7COS(7, &c. S, {ma-lb)p+{na-lc)y=0. 
9. {lb-ma)y-k-{l€-na)x—lbc, 
IQ ^+m/3i + W7i ^ 

{Z* + m* + »* - 2m» COB -4 - 2nl cos ^ - 2lm cos C]^ 
XL acoB -ff +/3oosC7+7COS^ = aco8(7+/3cos^ + 7COS^. 
12. aa=5/3-)-<^y represents the straight line joining the middle 
points of AB, AC; a 4-/3 +7=0 the straight line through the 
three points where the bisectors of the external angles meet 
the opposite sides; this proves that these three points are 
collinear; let AD±BCt in BO produced take 1/ such that 
Biy : JDO :: BDi 2X7, or such that BD, BC, BI/ are in a. p.; 
in CA and AB take similar points E\ F'\ then D'E*F' is a 
straight line, whose equation is a cos ^+/3 cos ^+7 cos (7=0. 

^^' ~2~' ■~2~~* ~2~- ^^' ««-^^=^^7; 

tt _ i8 _ 7 

Z(ia - wi6 - nc) m (w6 -nc-la) w (wc - to - «i6) ' 

18. IW + m%^ + » V - 2mnic - 2/iica - ^Imab = 0. 

/3 7 

19. 7 = -. — - — r ; the coordinates of the centre satisfy the 

Ic + na la + mo 

equations aa+&/3 + C7=25, 

a _ /5 _ 7 



nb + mc Ic + na la + mb' 



20. - + y + -=0. 
a o c 



THE END. 
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CORNELIUS NEPOS. Edited by the late Rev. J. F. 
Macmichael, Head Master of the Grammar School, Ripon. 
2s, 6d, 
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HOMER : Iliad. Books I.— XII. Edited by F. A. 
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New edition^ revised, 6s, 6d, 
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M. A., and the late W. IL Stone, Scholar of Trinity College, 
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Connington*s edition, by H. Nettleship, Fellow of Lincoln 
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Index, and Three Maps. Edited by the late J. F. Macmichael, 
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The Cyropsedia. Edited by G. M. Gorham, M. A., 
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Memorabilia. Edited by Percival Frost, M. A., late 

Fellow of St. John's College, Cambridge. 4J. 6d, 
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AESCHYLUS. Ex novissima recensione F. A. Paley, 
A. M. 3J. 

CiESAR DE BELLO GALLICO. Recognovit G. Long, 

A. M. 2s, 

CICERO de Senectute et de Amicitia, et Epistolae 

Selectae. Recensuit G. Long, A. M. i j. 6^. 

CICERONIS Orationes, Vol. I. (in Verrem). Ex recen- 
sione G. Long, A. M. 3J. 6</. 

EURIPIDES. Ex recensione F. A. Paley, A.M. 3 vols. 
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Index. 
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F. A. Taley, A. M. 25, (xi, 
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THUCYDIDES. Recensuit J. G. Donaldson, S. T. P. 
2 vols. 7j. 

VERGILIUS. Ex recensione J. Conington, A.M. 3^. 6d. 
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EURIPIDES. Alcestis. School edition, mth Notes 
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with Notes and Introduction. By F. A. Paley, M. A. , abridged 
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8vo. 4r. 6d, 

The Phaedo. With Notes, critical and exegetical, 

and an Analysis, by Wilhelm Wagner, Ph. D. Small 8vo. 
5j. 6d, 

The Protagoras. The Greek Text revised, with 

an Analysis and English Notes. By W. Wayte, M. A., Fellow 
of Kong's College, Cambridge, and Assistant Master at Eton. 
8vo. Second edition, 41. (>d, 

PLAUTUS. Trinummus. With Notes, critical and exe- 
getical. By Wilhehn Wagner, Ph. D. Small 8vo. f?.^. 
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SOPHOCLIS TRACHINIiE. With Notes and Pro- 
legomena. By Alfred Pretor, M. A., Fellow of St. Catherine's 
College, Cambridge. [^Preparing. 

TERENCE. With Notes, critical and explanatory. By 

Wilhelm Wagner, Ph. D. Post 8vo. loj. 6d, 

THEOCRITUS. With Short Critical and Explanatory 

Latin Notes. By F. A. Paley, M. A. Second edition^ cor- 
rected and enlarged, and containing the newly discovered Idyll. 
Crown 8yo. 4*. 6^. 

Others in preparation. 
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AETNA. Revised, emended and explained by H. 
A. J. Munro, M.A., Fellow of Trinity College, Cam- 
brieve. 8vo. 3^. 6^. 

ARISTOPHANIS Comoediae quae supersunt cum perdi- 
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Pax, with an Introduction and English Notes. By 

F, A. Paley, M. A. Fcap. 8vo. 4?. 6^. 

EURIPIDES. Fabulae Quatuor. Scilicet, Hippolytus 

Coronifer, Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. 
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Annotationibus instruxit J. H. Monk, S.T.P. Editio nova* 
8to. Crown 8yo. I2j. 
Separately — Hippolytus Cloth, 5^. Alcestis. Sewed, 4J. (yd, 

HORACE. Quinti Horatii Flacci Opera. The text re- 
vised, with an Introduction, by H. A. J. Munro, M.A., 
Fellow of Trinity College, Cambridge, Editor of "Lucretius." 
Illustrated from antique gems, by C. W. King, M. A., Fellow 
of Tnmiy College, Cambridge. Large 8vo. i/. ij. 
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LIVY. Titi Livii Historiae. The first five Books, with 
English Notes. By J. Prendeville. Eighth edition. i2mo. 
roan, 5j. Or Books I. to III. 3/. td. IV. and V. 3^. 6rfl 

LUCRETIUS. Titi Lucreti Cari de Rerum Natura 

Libri Sex. With a Translation and Notes. By 11. A. J. 
Munro, M.A., Fellow of Trinity College, Cambridge. Third 
edition revised throughout. 2 vols. 8vo. Vol. I. Text, I dr. 
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OVID. P. Ovidii Nasonis Heroides XIV. Edited, with 

Introductory Preface and English Notes, by Arthur Palmer, M. A., 
Fellow of Trinity College, Dublin. Demy 8vo. ds. 



PLAUTUS. Aulularia. With Notes, critical and exe- 

itical, and an Introduction 
'^agner. Ph. D. 8vo. 9J. 



getical, and an Introduction on Plautian Prosody. By Wilhelm 



PROPERTIUS. Sex. Aurelii Propertii Carmina. The 

Elegies of Propertius, with English Notes. By F. A. Paley, 
M.A., Editor of "Ovid's Fasti,'' ** Select Epigrams of Martial," 
&c. Second edition. 8vo. cloth. 9J. 

THUCYDIDES. The History of the Peloponnesian 

War. With Notes and a careful Collation of the two Cam- 
bridge Manuscripts, and of the Aldine and Juntine Editions. 
By Richard ShiUeto, M. A., Fellow of S. Peter's College, 
Cambridge. Book I. 8vo. 6j. (>d. Book II. in the press. 

GREEK TESTAMENT. With a Critically revised Text ; 

a digest of Various Readings ; Marginal references to 
verbal and idiomatic usage ; Prolegomena ; and a critical 
and exegetical commentary. For the use of theological 
students and ministers. By Henry Alford, D. D., late Dean of 
Canterbury. 4 vols. 8vo. Sold separately. 

Vol. I., Seventh Edition^ the Four Gospels, i/. %s. Vol. II., 
Sixth Edition^ the Acts of the Apostles, Epistles to the Romans 
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Part 1 1. , Fourth edition. The Epistles of St. John and St. Jude, 
and the Revelation. 14?. Or Vol. IV. in one Vol. yis. 
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A LATIN GRAMMAR. By T. Hewitt Key, M.A., 

F. R. 8., Professor of Comparative Grammar, and Head Master 
of the Junior School, in University College. Sixth TTiousandf 
with new corrections and additions. Postovo. &f. 
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CHURCH (A. J.) Latin Prose Lessons. By Alfred 
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Retford. A nezu edition. Fcap. 8vo. 2s. 6d. 

DAVIS and BADDELEY. Scala Graeca : a Series of 
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Book, with English Notes and a Dictionaiy, By the Rev. 
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Fcap. 8vo. 2J. 6rfl 

Materials for Latin Prose Composition. New 

edition, Fcap. 8vo. 2s, 6d, 
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- A Latin Verse Book. An Introductory Work on 
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- Analecta Graeca Minora, with Introductory Sen- 
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GRETTON (F. E.) A First Cheque Book for Latin 

Verse Makers. By the Rev. F. E. Gretton, Head Master 
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John's College, Cambridge. \s, 6d, 

A Latin Version for Masters. 2s, 6d, 



— Reddenda; or Passages with Parallel Hints for 
TransJation into Latin Prose and Verse. Crown 8vo. 4?. 6</. 
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GRETTON (F. E.) Reddenda Reddita; or Passages 

from English Poetry with a Latin Verse Translation. Cro\vn 8vo. 

HOLDEN <H. A.) Foliorum Silvula. Part I. Being 

Passages for Translation into Latin Elegiac and Heroic Verse, 
edited by Hubert A. Holden, LL.D., late Fellow of Trinity 
College, Head Master of Queen Elizabeth's School, Ipswich. 
Sixth edition. Post 8vo. ^s, 6d, 

Foliorum Silvula. Part II. Being Select Passages 

for Translation into Latin Lyric and Comic Iambic Verse. By 
Hubert A. Holden, LL.D. Third edition. Post 8vo. $s, 

Foliorum Silvula. Part III. Being Select Passages 

for Translation into Greek Verse, edited with Notes by 
Hubert A. Holden, LL. D. Third edition. Post Svo. 8j. 

Folia Silvulae, sive Eclogae Poetarum Anglicorum 

in Latinum et Graecum conversse quas disposuit Hubcrtus A. 
Holden, LL.D. Volumen Prius continens Fasciculos I. II. 
Svo. los. 6d. Volumen Alterum continens Fasciculos III. 
IV. Svo. I2J. 

Foliorum Centuriae. Selections for Translation 

into Latin and Greek Prose, chiefly from the University and 
College Examination Papers. By Hubert A. Holden, LL, D. 
Fififh edition. Post Svo. Ss. 

KEY (T. H.) A Short Latin Grammar, for Schools. 

By T. H. Key, M. A., F. S. A., Professor of Comparative 
Grammar in University College, London, and Head Master of 
the School. Eighth edition. Post Svo. 3J. dd, 

MACLEANE (A. J.) Selections from Ovid: Amores, 

Tristia, Heroides, Metamorphoses. With Englbh Notes, by 
the Rev. A. J. Macleane, M. A. New edition, Fcap. \s, 6d. 

MASON (C. P.) Analytical Latin Exercises; Acci- 
dence and Simple Sentences, Composition and Derivation of 
Words and Compound Sentences. By C. P. Mason, B.A., 
Fellow of University College, London. Post Svo. 3^. 6d, 

PRESTON (G.) Greek Verse Composition, for the use 

of Public Schools and Private Students. Being a tmstd 
edition of the * * Greek Verses of Shrewsbury School." By George 
Preston, M.A., Fellow of Magdalene College. Crown 8vo. 
4J. 6^. 
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Classical Cables. 

GREEK VERBS. A Catalogue of Verbs, Irregular 
and Defective ; their leading formations, tenses in use, and 
dialectic inflexions, with a copious Appendix, containing 
Paradigms for conjugation, Rules for formation of tenses, &c. 
&C. By J. S. Baird, T. C. D. New edition^ revised, 2s, 6d, 

GREEK ACCENTS (Notes on). On Card, 6d. 

HOMERIC DIALECT. Its Leading Forms and Peculi- 
arities. By J. S. Baird, T. C. D. is. 6d, 

GREEK ACCIDENCE. By the Rev. P. Frost, M.A. ij-. 

LATIN ACCIDENCE. By the Rev. P. Frost, M.A. is. 

LATIN VERSIFICATION, is. 

NOTABILIA QUiEDAM : or the Principal Tenses of 

most of the Irregular Greek Verbs and Elementary Greek, 
Latin, and French Constructions. New edition, is. 6d, 

RICHMOND RULES TO FORM THE OVIDIAN 

DISTICH, &C. By J. Tate, M. A. New edition, is. dd. 

THE PRINCIPLES OF LATIN SYNTAX, is. 



Cran0lation0, Selections, anti 3inu0^ 

trateti (ZBDitions. 

•»♦ Many of the following hooks are well adapted for school 
prizes. See also pages 87-90. 

AESCHYLUS. Translated into English Prose, by F. A. 
Paley, M. A., Editor of the Greek Text. Second edition, 
retnsed. 8vo. *js. 6d, 

— Translated by Anna Swanwick. With Introductions 

and Notes. New edition. Crown 8vo. 2 vols. 12s, 

' Folio Edition with Thirty-three Illus- 

trations from Flaxman's designs. Price ;£'2 2s. 

ANTHOLOGIA GR^EC A. A Selection of Choice Greek 

Poetry, with Notes. By Rev. F. St. John Thackeray, 
Assistant Master, Eton College. New edition, corrected, 
Fcap. 8vo. *js, (id. 

ANTHOLOGIA LATINA. A Selection of Choice Latin 

Poetry, from Nsevius to Boethius, with Notes. By Rev, F. St 
John Thackeray, Assistant Master, Eton College. New 
cdiiioHf enlarged. Fcap. %\o. 6s » 6</, 
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ARISTOPHANES, The Peace. The Greek text, and a 

metrical translation on opposite pages, with notes and intro- 
duction, &c. By Benj. Bickley Rogers, M.A., late fellow of 
Wadham College, Oxford. Fcap. 4to. 7^. 6cl. 

The Wasps. Text and metrical translation, with 

notes and introduction. By Benj. B. Rogers, M. A. Fcap. 8vo. 
7j. 6d. [In the Press. 

CORPUS POETARUM LATINORUM. Edited by 

Walker, i thick vol 8vo. Cloth, i&r. 

Containing : — Catullus, Lucretius, Virgilius, Ti- 
BULLUS, Propertius, Ovidius, Horatius, Phaedrus, 
LucANus, Persius, Juvenalis, Martialis, Sulpicia, 
Statius, Silius Italicus, Valerius Flaccus, Calpurnius 
SicuLUS, AusoNius and Claudianus. 

HORACE. The Odes and Carmen Saeculare. Trans- 
lated into English Verse by the late John Conington, M. A., 
Corpus Professor of Latin in the University of 0:uord. Fifth 
edition* Fcap. 8vo. 5^. (xl. 

The Satires and Epistles. Translated in English 

Verse by John Conington, M. A. Third edition, df. (id. 

Illustrated from Antique Gems by C. W. King, 



M. A, Fellow of Trinity College, Cambridge. The text 
revised with an introduction by H. A J. Munro, M.A., 
Fellow of Trinity College, Cambridge, Editor of Lucretius. 
Large 8vo. £\ is, 

MVSiE ETONENSES sive Carmmvm Etonae Condi- 

torvm Delectvs. Series Nova, Tomos Dvos complectens. 
Edidit Ricardvs Okes, S.T. P. ColL Regal, apvd Cantabri- 
gienses Praepositvs. 8vo. 15/. 

VoL II., to complete Sets, may be had separately, price 5^. 

PROPERTIUS. Verse translations from Book V. with a 

revised Latin Text and brief English notes. By F. A Paley, 
M. A. Fcap. 8vo. 3^. 

PLATO. Gorgias, literally translated, with an Intro- 
ductory Essay containing a summary of the argument By the 
late E. M. Cope, M. A, Fellow of Trinity Collie. 8vo. p, 

Philebus. Translated with short Explanatory Notes 

by F. A Paley, M. A Small 8vo, 4^. 

Theaetetus. Translated with an Introduction on 
the subject-matter, and short explanatory notes. By F, A. Paley, 
M.A. Small 8vo. /{s. 
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PLATO. An Analysis and Index of the Dialogues. With 
References to the Translation in Bohn's Classical Library. By 
Dr, Day, Post 8vo. 5^. 

REDDENDA REDDITA; or, Passages from English 

Poetry with a Latin Verse Translation. By F. E. Gretton, 
Head Master of Stamford Free Grammar School. Crown 8yo. 
df. 

SABRING COROLLA in hortulis Regiae Scholae 

Salopiensis contexuerunt tres viri floribus legendis. Editio 
teriia, 8vo. 8^. 6d, 

SERTUM CARTHUSIANUM Floribus trium Seculo- 

rum Contextum. Cura Gulielmi Haig Brown, Scholae Carthu- 
sianse Archididascali. 8vo. 14^. 

THEOCRITUS. Translated into English Verse by C. 
S. Calverley, M. A., late Fellow of Christ's College, Cambridge. 
Crown 8vo, 7^, 6d, 

TRANSLATIONS into English and Latin. By C. S. 
Calverley, M. A., late Fellow of Christ's College, Cambiidge. 
Post 8vo, 7j. 6d. 

- — Into Greek and Latin Verse. By R. C. Jebb, 

Fellow of Trinity College and Public Orator in the University 
of Cambridge. 4to. cloth gilt. 10s, 6d, 

VIRGIL in English Rhythm. With Illustrations from 

the British Poets, from Chaucer to Cowper. By the Rev. Robert 
Corbet Singleton, first Warden of S. Peter's College, Radley. 
A manual for master and scholar. Second edition, re-written 
and enlarged. Large crown 8vo. 7^. 6d. 

A HISTORY OF ROMAN LITERATURE. By W. S. 

Teuffel, Professor at the University of Tubingen. Translated, 
with the Author's sanction, by Wilhelm Wagner, Ph.D., of the 
johanneum, Hamburg. Two vols. Demy 8vo. 21s, 

* ' Professor Teuffel skilfiilly groups the various departments 
of Roman literature according to periods and according to sub- 
jects, and he well brings out the leading characteristics of each." 
— Saturday Review, 

THE THEATRE OF THE GREEKS. A Treatise 

on The History and Exhibition of the Greek Drama, with a 
Supplementary Treatise on the Language, Metres, and Prosody 
of the Greek Dramatists, by John William Donaldson, D.D., 
formerly Fellow of Trinity College, Cambridge. With numerous 
liJustrations from the best ancient authorities. Eighth edition. 
Post 8vo, 5x. 
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MATHEMATICAL AND OTHER CLASS 

BOOKS. 

CamtitiDge ^cbool anti College Cert 

'BOOfe0. 

A Series of Elementary Treatises adapted for the use of students 
in the Universities, Schools, and candidates for the Public Examina- 
tions. Uniformly printed in Foolscap 8vo. 

ARITHMETIC. By Rev. C. Elsee, M. A., late Fellow 
of St. John's College, Cambridge ; Assistant Master at 
Rugby. Intended for the use of Rugby School. Fcap. 
8vo.. J*^h edition, Jj. 6^. 

ELEMENTS OF ALGEBRA. By the Rev. C. Elsee, 

M. A. Second edition^ enlarged, 47. 

ARITHMETIC. For the Use of Colleges and Schools. 

By A. Wrigley, M. A. 3^. td, 

AN INTRODUCTION TO PLANE ASTRONOMY. 

For the Use of Colleges and Schools. By P. T. Main, M. A., 
Fellow of St John's College. Second edition, 4?. 

ELEMENTARY CONIC SECTIONS treated Geome- 
trically. By W. H. Besant, M, A., Lecturer and late Fellow of 
St John's College. 4f. ()d, 

ELEMENTARY STATICS. By the Rev. Harvey Good- 
win, D.D., Bishop of Carlisle. New edition y revised, 3^. 

ELEMENTARY DYNAMICS. By the Rev. Harvey 

Goodwin, D. D., Bishop of Carlisle. Second edition, y, 

ELEMENTARY HYDROSTATICS. By W.H. Besant, 

M. A., late Fellow of St John's College. Sixth edition* 4J. 

AN ELEMENTARY TREATISE ON MENSURA- 
TION. By B. T. Moore, M. A., Fellow of Pembroke College. 
With numerous Examples. 5/. 

THE FIRST THREE SECTIONS OF NEWTON'S 

PRINCIPIA, with an Appendix ; and the Ninth and Eleventh 
Sections. By John H. Evans, M.A. The Fifth Edition, 
edited by P. T. Main, M. A. 4J. 
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ELEMENTARY TRIGONOMETRY. With a Collec- 
tion of Examples. By T. P. Hudson, M. A., Fellow of Trinity 
College. 3J. 6^. 

GEOMETRICAL OPTICS. By W. S. Aldis, M. A., 

Trinity College. 3j. dd, 

COMPANION TO THE GREEK TESTAMENT. 

Designed for the Use ol Theological Students and the Upper 
Forms in Schools. By A, C. Barrett, A.M., Caius College. 
7^/iird edition, revised and enlarged, Fcap. 8vo. ^s. 

AN HISTORICAL AND EXPLANATORY TREA- 
TISE ON THE BOOK OF COMMON PRAYER. By W. 
G. Humphry, B. D. Fifth edition revised. Fcap. 8vo. 4j". dd, 

MUSIC. By H. C. Banister, Professor of Harmony 
and Composition at the Royal Academy of Music. Third 
edition, rez'ised. $s. 

Others in Preparation, 
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IND (J.) Principles and Practice of Arithmetic. 

Comprising the Nature and Use of Logarithms, with the 
Computations employed by Artificers, Gangers, and Land 
Surveyors. Designed for the Use of Students, by J. Hind, M. A. , 
formerly Fellow and Tutor of Sidney Sussex College. Mnth 
edition, with Questions. 4f. 6d, 

A Second Appendix of Miscellaneous Questions (many of 
which have been taken from the Examination Papers given in 
the University during the last few years) has been added to the 
present edition of this work, which the Author considers will 
conduce greatly to its practical utility, especially for those who 
are intended for mercantile pursuits. 

,% Key, with Questions for Examination. Second edition, $s, 

Elements of Algebra. Designed for the Use of 

Students in Schools and in the Universities. By J. Hind, 
M.A. Sixth edition, revised, 540 pp. 8vo. los, 6d, 

WATSON (J.) A Progressive Course of Examples in 

Arithmetic. With Answers. By James Watson, M. A., of 
Corpus Christi College, Cambridge, and formerly Senior Mathe- 
matical Master of the Ordnance School, Carshalton. Second 
afy'/ion, revised and correctei.U Fcap, 8vo. 2s,6d, 
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(l&eometr? anti (ZEucliti. 

ALDIS (T. S.) Text Book of Geometry. By T. S. 
Aldis, M. A., Trinity College, Cambridge. Small 8vo. 
4r. 6d, Part I. — Angles — Parallels — Triangles — Equiva- 
lent Figures — Circles. 2j. 6d, Part II. Proportion. Jusi pub' 
lished. 2s, Sold separately. 

The object of the work is to present the subject simply and 
concisely, leaving illustration and explanation to the teacher, 
whose freedom text -books too often hamper. Without a teacher, 
however, this work will possibly be found no harder to master 
than others. 

As far as practicable, exercises, largely numerical, are given 
on the different Theorems, that the pupil may learn at once the 
value and use of what he studies. 

Hypothetical constructions are throughout employed. Im- 
portant Theorems are proved in more than one way, lest the 
pupil rest in words rather than things. Problems are regarded 
chiefly as exercises on the theorems. 

Short Appendices are added on the Analysis of. Reasoning 
and the Application of Arithmetic and Algebra to Geometry. 

EUCLID. The Elements of Euclid. A new Text 

based on that of Simson, with Exercises. Edited by H. J. 
Hose, formerly Mathematical Master of Westminster SchooL 
Fcap. 8vo. 4f. 6(i, Exercises separatelyi IJ» 

Contents :— Books I. — VI. ; XI. i— 21 ; XII. i, 2. 

The Elements of Euclid. The First Six Books, with 

a Commentary by Dr. Lardner. * TenfA edition, 8vo. 6s, 

The First Two Books Explained to Beginners ; by 

C. P. Mason, B, A. Second edition, Fcap. 8vo. 2s, fid* 

The Enunciations and Figures belonging to the 



Propositions in the First Six and part of the Eleventh Books of 
Euclid's Elements (usually read in the Universities), prepared 
for Students in Geometry. By the Rev. J. Brasse, D. D. Nr^ 
edition. Fcap. 8vo. is. On cards, in case, 5^. 6rf. 
Without the Figures, (>d, 

McDowell (J.) Exercises on Euclid and in Modem 

Geometnr, containing Applications of the Principles and Pro- 
cesses of Modem Pure Geometry. By J. McDowell, B. A., 
Pembroke College. Crown 8vo. 8^. 6d, 

BESANT (W. H.) Elementary Geometrical Conic 

Sections. By W. H. Besant, M. A. 41. 6d, 

3A 
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TAYLOR (C.) The Geometry of Conic?. Second edition 
revised and enlanzed. By C. Taylor, M.A., Fellow of St. 
John's College, ovo. 4?. (id. 

Pages 80 to 112 to complete the First edition may be had 
separately, price \s, 

GASKIN (T.) Solutions of the Geometrical Problems, 

consisting chiefly of Examples, proposed at St. John's Collie, 
from 1830 to 1846. With an Am)endix on the General Equa- 
tion of the Second Degree. By T. Gaskin, M. A. 8vo. I2J. 



ALDOUS (J. C. P.) The Shrewsbury Trigonometry. 
A Step to the Study of a more complete treatise. By 
J. C. P. Aldous, Jesus College, Cambridge, Senior Ma- 
thematical Master of Shrewsbury School 2s, 

HUDSON (T. P.) Elementary Trigonometry. With 

a Collection of Examples. By T. P. Hudson, M. A, Fellow 
and Assistant Tutor 01 Trinity College. 3J. 6^/. 

HIND (J.) Elements of Plane and Spherical Trigo- 
nometry. With the Nature and Properties of Logarithms 
and Construction and Use of Mathematical Tables. Designed 
for the use of Students in the University. By J. Hind, M.A. 
Fifth edition. i2mo. 6j. 

MOORE (B. T.) An Elementary Treatise on Mensura- 
tion. By B. T. Moore, M. A., Fellow of Pembroke College. 
With numerous Examples, 5^. 



analytical ^eomettp anti Differential 

Calculus. 

TURNBULL (W. P.) An Introduction to Analytical 
Plane Geometry. By W. P. Tumbull, M.A. Fellow of 
Trinity College. 8yo. I2j. 

O'BRIEN (M.) Treatise on Plane Co-ordinate Geome- 
try. Or the Application of the method of Co-ordinates to 
the solutions of problems in Plane Geometry. By M. O'Brien, 
M.A. 8vo. 9*. 

VYVYAN (T. GO Elementary Analytical Geometry 

for Schools and Beginners. By T. G. Vyvyan, Fellow of 
Gonville and Caius College, and Mathematical Master of 
Charterhouse. Second tdxfxon^ revised. Crown 8vo. *]s, 6d. 
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WALTON (W.) Problems in illustration of the Principles 
of Plane Co-ordinate Geometry. By W. Walton, M.A. 8vo. i6j. 

WHITWORTH (W. A.) Trilineax Co-ordinates, and 

other methods of Modem Analytical Geometry of Two Di- 
mensions. An Elementary Treatise. By W. Allen Whit- 
worth, M. A., Professor of Mathematics m Queen's College, 
Liverpool, and late Scholar of St. John's College, Cambridge* 
8vo. i6j, 

ALDIS (W. S.) An Elementary Treatise on Solid 

Geometry. Revised, By W. S. Aldis, M.A. Second edition^ 
revised, 8vo. &r. 

GREGORY (D. F.) A Treatise on the Application of 

Analysis to Solid Geometry. By D. F. Gregory, M. A., and 
W. Walton, M. A. Second edition, Svo. I2s, 

PELL (M. B.) Geometrical Illustrations of the Diffe- 
rential Calculus. By M. B. Pell. Svo. 2j. td, 

O'BRIEN (M.) Elementary Treatise on the Diffe- 
rential Calculus, in which the method of Limits is exclusively 
made use of. By M. O'Brien, M. A. Svo. ioj. 6^. 

BESANT (W. H.) Notes on Roulettes and Glissettes. 

By W. H. Besant, M. A. Svo. 3^. 6^. 

a^ect)anic0 ann Ji^atural ]Pf)tIO!B!op{)?« 

EARNSHAW (S.) Treatise on Statics : Containing 
the Theory of the Equilibrium of Forces, and numerous 
Examples illustrative of the General Principles of the 
Science. By S. Eamshaw, M.A. Fourth edition, Svo. ios,6d, 

WHEWELL (Dr.) Mechanical Euclid. Contaming the 

Elements of Mechanics and Hydrostatics. By the late W. 
Whewell, D. D. FifiA edition, 5^. 

FENWICK (S.) The Mechanics of Construction ; in- 
cluding the Theories of the Strength of Materials, Roofs, 
Arches, and Suspension Bridges. With numerous Examples. 
By Stephen Fenwick, F. R. A. S., of the Royal Military 
Academy, Woolwich. Svo. 12s, 

GARNETT (W.) A Treatise on Elementary Dynamics 

for the use of Colleges and Schools. By William Garnett, B. A. 
(late Whitworth Scholar), Fellow of St. John's College, and 
Demonstrator of Physics in the University of Cambridge. 
Crown Svo. 6s. 

GOODWIN (Bp.) Elementary Statics. By H. Good- 
win, D. D,, Bp. of Carlisle, Fcap. Svo. New edition. 31. cloth. 
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GOODWIN (Bp.) Elementary Dynamics. By H. Good- 
win, DD., Bishop of Carlisle. Fcap. 8vo. secoftd edition, 3^. cloth. 

WALTON (W.) Elementary Problems in Statics and 

Dynamics. Designed for Candidates for Honoui-s, first three 
days. By W. Walton, M. A. 8vo. los, (yd, 

POTTER (R.) An Elementary Treatise on Mechanics. 

For ihe use of Junior University Students. By Richard 
Potter, A. M., F. C. P. S., late Fellow of Queens' College, 
Cambridge. Professor of Natural Philosophy and Astronomy 
in University College, London. Fourth edition^ revised, %s. td, 

Elementary Hydrostatics Adapted for both Junior 

University readers and Students of Practical Engineering. By 
R. Potter, M, A. 1$, 6d. 

BESANT (W. H.) Elementary Hydrostatics. By W. 
H. Besant, M. A., late Fellow of St. John's College, Fcap. 
8vo. Sixth edition, 4s, 

A Treatise on Hydromechanics. By W. H. Besant, 

M. A. 8vo. A^ew edition in the press, 

GRIFFIN (W. N.) Solutions of Examples on the Dyna- 
mics of a Rigid Body. By W. N. Griffin, M. A. Svo, 6s, 6d, 

LUNNQ. R.) Of Motion. An Elementary Treatise. By 
J. R. Lunn, M. A, late Fellow of St. John's, Camb. Svo. *js, 6d, 

BESANT (W. H.) A Treatise on the Dynamics of a 

Particle. Preparing, 

ALDIS QN, S.) Geometrical Optics. By W. S. Aldis, 

M.A., Trinity College, Cambridge. Fcap. Svo. 3>. (>d, 

A Chapter on Fresnel's Theory of Double Re- 
fraction. By W, S. Aldis, M. A Svo. 2s, 

POTTER (R.) An Elementary Treatise on Optics. 

Part I. Containing all the requisite Propositions carried to 
first Approximations ; with the construction of optical instru- 
ments. For the use of Junior University Students. By 
Richard Potter, A. M., F.C. P. S., late Fellow of Queens* 
College, Cambridge. Third edition, revised, 9^. 6^. 

An Elementary Treatise on Optics. Part II. 

Containing the higher Propositions with their application to 
the more perfect forms of Instruments, By Richard Potter, 
AM., F.C. P. S. I2s,6d. 

Physical Optics ; or, the Nature and Properties 

of Light, A Descriptive and Experimental Treatise. By 
Richard Potter, A M. , F. C ,P, S. Os. 6d. 
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POTTER (R.) Physical Optics. Part II. The Corpus- 
cular Theory of Light discussed Mathematically. By Riciard 
Potter, M. A. yj. dd. 

HOPKINS (W. B.) Figures Illustrative of Geometri- 
cal Optics. From Schelbach. By W. B. Hopkins, B. D. 
Folio. Plates, ioj. (xi, 

MAIN (P. T.) The First Three Sections of Newton's 

Principia, with an Appendix; and the Ninth and Eleventh 
Sections. By John H. Evans, M. A. The Fifth edition^ 
edited by P. T. Main, M. A. ^r. 

An Introduction to Plane Astronomy. For the 

use of Colleges and Schools. By P. T. Main, M. A., Fellow 
of St John's College. Fcap. 8vo. cloth, 4r. 

MAIN (R.) Practical and Spherical Astronomy. For 

the Use chiefly of Students in the Universities. By R. Main, 
M. A. , F. R. S. , Radcliffe Observer at Oxford. 8vo. 14^. 

Briinnow's Spherical Astronomy. Part I. Includ- 
ing the Chapters on Parallax, Refraction, Aberration, Preces- 
sion, and Nutation. Translated by R Main, M. A., F. R. S., 
Radcliffe Observer at Oxford. 8vo. &r. 6^. 

GOODWIN (Bp.) Elementary Chapters on Astro- 
nomy, from the "Astronomic Physique" of Biot. By Harvey 
Goodwin, D. D., Bishop of Carlisle. 8vo. y, dd, 

Elementary Course of Mathematics. Designed 

principally for Students of the University of Cambridge. By 
Harvey Goodwin, D.D., Lord Bi^op of Carlisle. Sixth 
edition^ revised and enlarged by P. T. Main, M. A., Fellow 
of St. John's College, Cambridge. 8vo. idr. 

Problems and Examples, adapted to the " Ele- 
mentary Course of Mathematics." By Harvey Goodwin, 
D.D. With an Appendix, containing the Questions proposed 
during the first three days of the Senate-House Fxamination, 
by T. G. Vyvyan, M. A. Third edition, 8vo. 5J. 

Solutions of Goodwin's Collection of Problems 

and Examples. By W, W. Hutt, M. A., late Fellow of Gon- 
ville and Caius College. Third edition, revised and enlarged. 
By T. G. Vyvyan, M. A. 8vo. gs, 

SMALLEY (G. R.) A Compendium of Facts and For- 
mula in Pure Mathematics and Natural Philosophy. . By G. R. 
Smalley, F.R.A. S., of St. John's Coll., Cam. Fcap. 8VO.3J. 6d. 
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TAYLOR (John). A Collection of Elementary 

Examples in Pure Mathematics, arranged in Examination 
Papers ; for the use of Students for the Military and Civil Service 
Examinations. By John Taylor, late Military Tutor, Wool- 
wich Common. 8vo. *js, 6d, 

FILIPOWSKI (H. E.) A Table of Anti-Logarithms. 

Containing, to seven places of decimals, natural numbers 
answering to all logarithms from 'ooooi to '99999, and an im- 
proved table of Gauss* Logarithms, by which may be found the 
Logarithm of the sum or difference of two quantities. With Ap- 
pendix, containing a Table of Annuities for 3 joint lives at 3 
percent. By H, E. Filipowski. Third edition, 8vo. 15^. 

BYRNE (O.) A system of Arithmetical and Mathe- 
matical Calculations, in which a new basis of notation is 
employed, and many processes, such as involution and evolu- 
tion, become much simplified. Invented by Oliver Byrne. 

Dual Arithmetic ; or, the Calculus of Concrete Quan- 
tities, Known and Unknown, Exponential and Transcendental, 
including Angular Magnitudes. With Analysis. Part I. 8vo. I4r. 

In it will be found a method of obtaining the logarithm of 
any number in a few minutes by direct calculation ; a method 
of solving equations, which involve exponential, logarithmic 
and circuEu: functions, &c &c. 

Dual Arithmetic. Part 11. The Descending Branch, 

completing the Science, and containing the Theory of the Appli- 
cation of both Branches. 8vo. lOf. 6^. 

Dual Tables (Ascending and Descending Branches). 

Comprising Dual Numbers, Dual Logarithms, and Common 
Numbers ; Tables of Trigonometrical Values, Angular Magni- 
tudes, and Functions, with their Dual Logarithms. 4to. 2ij. 

ELLIS (Leslie). The Mathematical and other 

Writings of Robert Leslie Ellis, M. A., late Fellow of 
Trinity College, Cambridge. Edited by William Walton, 
M. A., Trinity College, with a Biographical Memoir by Har- 
vey Goodwin, D. D., Bishop of Carlisle. 8vo, I dr. 

CHALLIS (Prof.) Notes on the Principles of Pure 

aid Applied Calculation, and Applications to the Theories of 
Physical Forces. By Rev. J. Challis, M. A., F. R. S., &<j. , Plumian 
Professor of Astronomy, CambridgCi Demy 8vo. 15J. 

The Mathematical Principle of Physics. An 

Essay, By the Rev. James Challis, M.A., F.R.S. Demy 

8VO0 $s. 
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MISCELLANEOUS EDUCATIONAL WORKS. 

BURN (R.) Rome and the Campagna. An Historical 
and Topographical Description of the Site, Buildings, and 
Neighbourhood of Ancient Rome. By Robert Bum, 
M. A, late Fellow and Tutor of Trinity College, Cambridge. 
With Eighty-five fine Engravings by Jewitt, and Twenty-five 
Maps and Plans. Handsomely bound in cloth. 4to. 3/. y, 

DYER (T. H.) The History of the Kings of Rome. 

By Dr. T. H. Dyer, Author of the " History of the City of 
Rome;" "Pompeii: its History, Antiquities," &c., wiUi a 
Prefatory Dissertation on the Sources and Evidence of Early 
Roman History. 8vo. i6s, 

" It will mark, or help to mark, an era in the history of the 
subject to which it is devoted. It is one of the most decided as 
well as one of the ablest results of the reaction which is now in 
progress against the influence of Niebuhr," — Pail Mall Gazette, 

A Plea for Livy, throwing a new light on some 

passages of the first Book, and rectifying the German doctrine 
of the imperative mood. 8vo. is, 

Roma Regalis, or the Newest Phase of an Old 

Story. 8vo. 2j. 6d, 

An examination of the views and arguments respecting Regal 
Rome, put forth by Professor Seeley in a recent edition of 
**Livy,'^BookI. 

The History of Pompeii; its Buildings and An- 
tiquities. An account of the city, with a full description of the 
remains and the recent excavations, and also an Itinerary for 
visitors. Edited by T. H. I^er, LL.D. Illustrated with 
nearly Three Hundred Wood Engravings, a large Map, and a 
Plan of the Forum. Third edition^ brought down to 1873. 
2 vols, post 8vo. \In the press. 

Ancient Athens : Its History, Topography, and 

Remains. By Thomas Henry Dyer, LL. D., Author of "The 
History of the Kings of Rome." Super-royal 8vo. cloth, i/. 5j, 

This work gives the result of the excavations to the present 
time, and of a recent careful examination of the localities by Uie 
Author. It is illustrated with plans, and wood engravings taken 
from photographs. 
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LONG (G.) The Decline of the Roman Republic. 8vo. 

Vol. I. From the Destruction of Carthage to the End of the 
Jugurthine War, 14J, 

Vol. 11. To the Death of Sertorms. 14/. 

Vol. III. Including the third Mithridatic War, the Catiline 
Conspiracy, and the Consulship of C. Julius Caesar. 145. 

VoL IV. History ol Caesar's Gallic Campaigns and of the 
contemporaneous events in Rome. i\s. 

Vol. V. Concluding the work. 14J. 

**If any one can guide us through the almost inextricable 
mazes of this labyrinth, it is he. As a chronicler, he possesses 
all the requisite knowledge, and what is nearly, if not quite as 
important, the necessary caution. He never attempts to explain 
that which is hopelessly corrupt or obscure : he does not con- 
found twilight with daylight ; he warns the reader repeatedly 
that he is standing on shaking ground ; he has no framework of 
theory into which he presses his facts." — Saturday Reinew, 

PEARSON (C. H.) A History of England during the 

Early and Middle Ages. By C. H. Pearson, M.A., Fellow 
of Qriel College, Ojrford, and Lecturer in History at Trinity 
College, Cambridge. Second ediHon^ revised and enlarged, 
8vo. Vol. I. to the Death of Coeur de Lion. i6j. Vol. II. 
to the Death of Edward I. 14J, 

Historical Maps of England. By C. H. Pearson. 

Folio. Second edition ^ revised. 31J. (>d. 

An Atlas containing Five Maps of England at different 
periods during the Early and Middle Ages. 

BOWES (A.) A Practical Synopsis of English History ; 

or, A General Summary of Dates and Events for the use of 
Schools, Families, and Candidates for Public Examinations. 
By Arthur Bowes. Fourth edition, 8vo. 2j. 

BEALE (D.) Student's Text-Book of English and 

General History, from B* c. 100 to the Present Time, with 
Genealogical and Literary Tables, and Sketch of the English 
Constitution. By D. Beale. Crown 8vo. 2J. (id, 

STRICKLAND (AGNES). The Lives of the Queens of 

England ; from the Norman Conquest to the Reign of Qtieen 
Anne, By Agnes Strickland. Abridged by the Attthot for 
the use of Schools and YaimWes, Post Ivo. Cloth. 6ji (yd. 
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HUGHES (A. W.) Outlines of Indian History: com- 
prising the Hindu, Mahomedan, and Christian Periods (down to 
the Resignation of Sir J. Lawrence). With Maps, Statistical 
Appendices, and numerous Examination Questions. Adapted 
specially for Schools and Students. By A. W. Hughes, Bom. 
Uncov. Civil Service, and Gra/s Inn. Small post 8vo, 3J. (ni, 

HELPS (SIR A.) The Life of Hernando Cortez, and 
the Conquest of Mexico. Dedicated to Thomas Carlyle. 2 
vols, crown 8vo. 15J. 

The Life of Christopher Columbus, the Discoverer 

of America. Fourth edition. Crown 8vo. dr. 

The Life of Pizarro, With Some Account of his 

Associates in the Conquest of Peru. Second edition, Cr. Svo. 6j. 

The Life of Las Casas, the Apostle of the Indies. 



Third edition. Crown Svo. dr. 

TYTLER (PROF.) The Elements of General History. 

New edition. Revised and brought down to the present time. 
Small post Svo. 3^. dd, 

ATLASES. An Atlas of Classical Geography ; Twenty- 
four Maps by W. Hughes and George Long, M.A. Neiu 
edition^ with coloured outlines. Imperial Svo. \2s, 6d, 

This Atlas has been constructed from the best authorities by 
Mr. W. Hughes, under the careful supervision of Mr. Long. 
The publishers believe that by this combination they have 
secured the most correct Atlas of Ancient Geography that has 
yet been produced. 

A Grammar School Atlas of Classical Geography. 

Containing Ten Maps selected from the above. Imperial 
Svo. New edition, \s. 

Contents : — The Provinces of the Roman Empire. Gallia. 
Italia. Graecia (including Epirus and Thessalia, with part of 
Macedonia). The Coasts and Islands of the Aegaean Sea. 
Asia Minor, and the Northern part of Syria. Palaestina, with 
part of Syria, Ass3nria, and the Adjacent Countries, Sicilia ; 
and a Plan of Rome. 

First Classical Maps. By the Rev. J. Tate, M.A. 

Third edition. Imperial Svo. *js, 6d, 

Standard Library Atlas of Classical Geography. 

Twenty-two large Coloured Maps according to the latest authori- 
ties. With a complete Index (accentuated), giving the latitude 
and longitude of every place named in the Maps. Imperial Svo. 
*ls, 6d, 
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RICHARDSON (Dr.) New Dictionary of the Eng- 
lish Language. CombiniDg Explanation with Etymo- 
logy, and copioiisly illustrated by Quotations from the best 
Authorities. New edition^ with a Supplement containing addi- 
tional words and further Illustrations. The Words, with 
those of the same family, are traced to their origin. The Ex- 
planations are deduced from the primitive meaning through 
the various usages. The Quotations are arranged chrono- 
logically, from the earliest period to the present time. In 
2 vols. 4to. j^4 I4r. 6^. ; half-bound in russia, £^ l^s, 6d, ; 
in russia, £6 I2s. The Supplement separately, 4to. I2s. 

An 8vo. Edition, without the Quotations, i$s, ; half-russia, 
20S, ; russia, 24s, 

ADAMS (Dr.) The Elements of the English Language. 

By Ernest Adams, Ph. D. Thirteenth edition. Post 8vo. 45. 6fl^. 

KEY (Prof.) Philological Essays. By T. Hewitt 
Key, Professor of Comparative Grammar in University College, 
London. 8vo. icxf. &l. 

Language, its Origin and Development. By T. 



Hewitt Key, Professor of Comparative Grammar in University 
College. 8vo. 14$'. 

This work is founded on the Course of Lectures on Compa- 
rative Grammar delivered during the last twenty years in Uni- 
versity College. The evidence being drawn chiefly from two of 
the most familiar members of the Indo-European family, 
Latin and Greek, especially the former, as that to which the 
writer's hours of study, for half a century, have been almost 
wholly devoted. 

DONALDSON (J. W.) Varronianus. A Critical and 
Historical Introduction to the Ethnography of Ancient Italy and 
to the Philological Study of the Latin Language. Third edition^ 
revised and considerably enlarged. By J. W. Donaldson, D. D. 
8vo. I dr. 

SMITH (Archdn.) Synonyms and Antonyms of the 

English Language. Collected and Contrasted by the Ven. 
C. J. Smith, M. A. Second edition. Post 8vo. 5j. 

Synonyms Discriminated. Showing the accurate 

signification of words of similar meaning. By the Ven. C. J. 
Smith. Demy 8vo. ids, 

PHILLIPS (Dr.) A S>Tiac Grammar. By G. Phillips, 
D. D., President of Queens* College. Third edition, revised 
anef enlarged* 8yo. 7j. 6rf. 
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BEAMONT (W. J.) A Concise Grammar of the Arabic 

Language. By the Rev. W. J. Beamont, M. A. Revised ^ 
Sheikh Ali Nady el Barrany, one of the Sheikhs of the El 
Azhar Mosque in Cairo. i2mo. 7^. 

WEBSTER. A Dictionary of the English Language. 
By Dr. Webster. Re-edited by N. Porter and C. A. Goodrich. 
The Etymological portion being by Dr. C. F. Mahn, of Berlin. 
With Appendix and Illustrations complete in one volume. 
£1 IIJ. id* 

Besides the meaning and derivation of all words in ordinary 
use, this volume will b^ found to contain in greater fulness than 
any other Dictionary of the English Language hitherto published, 
scientific and technical terms, accompanied in many instances by 
explanatory woodcuts and an appendix giving supplementary 
lists, explanations, and 70 pages of elaborate diagrams and illus- 
trations. In its unabridged form as above, it supplies at a 
moderate price as complete a literary and scientific reference 
book as could be obtained in the compass of a single volume. 

** For the student of English etymologically Wedgwood, Ed. 
Muller, and Mahn's Webster are the best dictionaries. While 
to the general student Mahn*s Webster and Craig's * Universal 
Dictionary * are most useful." — Athenceum, 

"The best practical English Dictionary extant." 
— Quarterly Review, 



S 



CRIVENER (Dr.) Novum Testamentum Graecum, 

Textus Stephanici, 1550. Accedunt varise lectiones edi- 
tionum Bezae, Elzeviri, Lachmanni, Tischendorfii, et Tre- 
gellesii. Curante F. H. Scrivener, A. M., LL. D. i$mo. 

An Edition ivithwide Margin for Notes, *js, 6d, 

This Edition embodies all the readings of Tregelles and of 
Tischendorf's Eighth or Latest Edition. 

- Codex Bezae Cantabrigiensis. Edited, with Pro- 
legomena, Notes, and Facsimiles, by F. H. Scrivener, M. A. 
4to. 26s, 

— A Full Collation of the Codex Sinaiticus, with 

the Received Text of the New Testament ; to which is prefixed 
a Critical Introduction. By F. H, Scrivener, M. A, Second 
edition, revised, Fcap. 8vo. 5^. 

** Mr. Scrivener has now placed the results of Tischendorf*s 
discovery within reach of all in a charming little volume, 
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which ought to form a companion to the Greek Testament in the 
library of every Biblical student" — Reader, 

SCRIVENER (Dr.) An Exact Transcript of the 

Codex Augiensis, Graeco-Latina Manuscript in Uncial Letters 
of St Paul's Epistles, preserved in the Library of Trinity Col- 
lie, Cambridge. To which is added a Full Collation of Fifty 
Manuscripts containing various portions of the Greek New Tes- 
tament deposited in English Libraries : with a full Critical In- 
troduction. By F. n. Scrivener, M. A. Royal 8vo. 2df. 

The Critical Introduction is issued separately ^ pricey, 
A Plain Introduction to the Criticism of the New 

Testament With Forty Facsimiles from Ancient Manu- 
scripts. Containing also an account of the Egyptian versions, 
contributed by Canon Lightfoot, D.D. For the use of Biblical 
Students. By F. H. Scrivener, M. A., LL. D. Prebendary of 
Exeter. 8vo, New edition, i6s. 



Six Lectures on the Text of the New Testament, 

and the MSS. which contain it, chiefly addressed to those who 
do not read Greek. By Rev. F. H. Scrivener. With fac- 
similes from MSS. Cro\ATi 8vo. 6s, 

ALFORD (Dean). Greek Testament. See p. 9. 
BARRETT (A. C.) Companion to the Greek Testament. 

For the use of Theological Students and the Upper Forms in 
Schools. By A. C. Barrett, M. A., Caius Collie; Author 
of "A Treatise on Mechanics and Hydrostatics," 7%ird edition, 
enlarged and iviproved, Fcap. 8vo. 5j. 

This volume will be found useful for all classes of Students 
who require a clear epitome of Biblical knowledge. It gives in 
a condensed form a large amount of information on the Text, 
Language, Geography, and Archaeology ; it discusses the allied 
contradictions of the New Testament and the disputed quotations 
from the Old, and contains introductions to the separate books. 
It may be used by all intelligent students of the sacred volume ; 
and has been found of great value to the students of Training 
Colleges in preparing for their examinations. 

SCHOLEFIELD (J.) Hints for Improvement in the 

Authorized Version of the New Testament By the late J. 
5cho/efield, M, A. Fourth edition, Fcap. 8vo, 4J. 
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TERTULLIAN. Liber Apologeticus. The Apology of 

TertuUian. With English Notes and a Preface, intended as an 
introduction to the Study of Patristical and Ecclesiastical 
Latini^^. By H. A. Woodham, LL. D. Second edition* 
8vo. is. 6d. 

PEROWNE (Canon). The Book of Psalms ; a New 

Translation, with Introductions and Notes, Critical and Expla- 
natory. By the Rev. J. T. Stewart Perowne, B. D., Fellow 
of Tnnity College, Cambridge ; Canon Residentiary of Llandaff. 
8vo. Vol. I. TAird edition, i8j. Vol. II. TAird edition, 

The Book of Psalms. Abridged Edition for Schools. 



Crown 8vo, ioj. 6d, 

WELCHMAN (Archdn.) The Thirty-Nine Articles 

of the Church of England. Itlusti-ated with Notes, and con- 
firmed by Texts of the Holy Scripture, and Testimonies of 
the Primitive Fathers, together with References to the Passages 
in several Authors, which more largely explain the Doctrme 
contained in the said Articles. By the Ven. Archdeacon 
Welchman. New edition, Fcap. ovo. 2s. Interleaved for 
Students. 3J. 

PEARSON (Bishop). On the Creed. Carefully printed 

from an Early Edition. With Analysis and Index. Edited by 
E. Walford, M. A. Post 8vo. 5j. 

HUMPHRY (W. G.) An Historical and Explanatory 

Treatise on the Book of Common Prayer. By W. G. 
Humphry, B. D., late Fellow of Trinity College, Cambridge, 
Prebendary of St. Paul's, and Vicar of St. Martin*s-in-tne- 
Fields, Westminster. Fifth edition, revised and enlarged. Small 
post 8vo. 4$". 6d, 

The New Table of Lessons Explained, with the 

Table of Lessons and a Tabular Comparison of the Old and 
New Proper Lessons for Sundays and Holy-dajrs. By W. G. 
Humphry, B.D., Fcap. is, dd, 

DENTON (W.) A Commentary on the Gospels for the 

Sundays and other Holy Days of the Christian Year. By the 
Rev. W. Denton, A. M., Worcester Collie, Oxford, and 
Incumbent of St. Bartholomew's, Cripplegate. New edition, 
3 vols. 8vo. 54J. 

Vol. I. — Advent to Easter. i8j. 

Vol. II. — Easter to the Sixteenth Sunday aflier Trinity, i8j. 
Vol. Ill, — Seventeenth Sunday after Trinity to Advent; and 
Holy Days. i8j. 
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DENTON (W.) Commentary on the Epistles for the 

Sundays and other Holy Days of the Christian Year. By the Rev. 
W. Denton, Author of "A Commentary on the Gospels," &c. 

Vol. I. — Advent to Trinity. 8vo. \%s. 
VoL II.— Trinity and Holy Days. i8j. 

Commentary on the Acts. By the Rev. W. Denton. 



Vol. I. 8vo. i8j. Vol. II. in preparation. 

JEWEL (Bp.) Apology for the Church of England, 

with his famous Epistle on the Council of Trent, and a Memoir. 
32mo. 2J. 

BARRY (Dr.) Notes on the Catechism. For the use 

of Schools. By the Rev. A. Barry, D. D., Principal of King's 
College, London. Second edition^ revised, Fcap. *2j. 

BOYCE (E. J.) Catechetical Hints and Helps. A 

Manual for Parents and Teachers on giving instruction to Young 
Children in the Catechism of the Church of England. By Rev. 
E. J. Boyce, M. A. Second edition, Fcap. 2j. 

Examination Papers on Religious Instruction. 

Sewed. \s, 6d. 

MONSELL (Dr.) The Winton Church Catechist. 

Questions and Answers on the Teaching of the Church Cate- 
chism. By Rev. J. S. B. Monsell, LL.D., Author of "Our 
New Vicar." TTiird Edition, Cloth, 3^.; or in Four Parts, 
sewed, price ^d, each. 

SADLER (M. F.) The Church Teacher's Manual of 

Christian Instruction. Being the Church Catechism Expanded 
and Explained in Question and Answer, for the use of the 
Clergyman, Parent, and Teacher. By the Rev. M. F. Sadler, 
Rector of Honiton. Third edition, 2s, 6d, 

KEMPTHORNE (J.) Brief Words on School Life. 

A Selection from short addresses based on a course of Scripture 
reading in school. By the Rev. J. Kempthome, late Fellow 
of Trinity CoUege, Cambridge, and Head Master of Blackheath 
Proprietary School. Fcap. 3J. td, 

SHORT EXPLANATION of the Episties and Gospels 

of the Christian Year, with Questions for Schools. Royal 32mo. 
2s, dd, ; calf, 4$". 6d, 

BUTLER (Bp.) Analogy of Religion; with Analy- 

tical Introduction and copious Index, by the Rev. Dr. Steere, 
Bishop in Central Africa. Fcap. New edition, 3J. 6</. 
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BUTLER (Bp.) Tliree Sermons on Human Nature, and 

Dissertation on Virtue. Edited by W. Whewell, D. D. With 
a Preface and a Syllabus of the Work. Fourth and cheaper 
edition, Fcap. 8vo. zr. td. 

WHEWELL (Dr.) Lectures on the History of Moral 

Philosophy in England. By W. Whewell, D.D. New and 
impi'oved edition^ with Additional Lectures. Crown 8vo. 8j. 

•^* The Additional Lectures sold separately. Crown 8vo. 
Price 3^. 6^. 

Elements of Morality, including Polity. By W. 

Whewell, D. D. Nav edition^ in Svo. 1$^. 

Astronomy and General Physics considered with 

reference to Natural Theology (Bridgewater Treatise). NeTv 
edition^ with new preface^ uniform with the Aldine Editions, S-^* 

DONALDSON (Dr.) Classical Scholarship and Clas- 
sical Learning considered with especial reference to Com- 
l^etitive Tests and University Teaching. A Practical Essay 
on Liberal Education. By J. W. Donaldson, D, D. Crown 
Svo. 5j, 

The Theatre of the Greeks. New and cheaper 

edition. Post Svo. 5^. 

STUDENTS GUIDE TO THE UNIVERSITY OF 

CAMBRIDGE. Revised and corrected in accordance with the 
latest regulations. Third edition, Fcap. Svo. 6j. 6d, 

This volume is intended to give useful information to parents 
desirous of sending their sons to the University, and to indicate 
the points on which to seek further information from the tutor. 

Suggestions are also given to the younger members of the 
University on expenses and course of reading. 

** Partly with the view of assisting parents, guardians, school- 
masters, and students intending to enter their names at the 
University — partly also for the benefit of undergraduates them- 
selves — a very complete, though concise, volume has just been 
issued, which leaves little or nothing to be desired. For lucid 
arrangement, and a rigid adherence to what is positively useful, 
we know of few manuals that could compete with this Student's 
Guide. It reflects no little credit on the University to which it 
supplies an unpretending, but complete, introduction." — Satur- 
day Review, 

KENT'S Commentary on International Law, revised 

with Notes and Cases brought down to the present time. 
Edited by J. T. Abdy, LL. D., Barrister-at-Law, Regius Pro- 
fessor of Laws in the University of Cambridge. Svo. i6s. 
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LEAPINGWELL (G.) A Manual of the Roman Civil 

Law, arranged according to the Syllabus of Dr. Hallifax, 
Designed for the use of Students in the Universities and Inns of 
Court. By G. Leapingwell, LL.D. 8vo. 12s, 

MAYOR (Rev. J. B.) A Guide to the Choice of Clas- 

sical Books. By J. B. Mayor, M. A., Professor of Classical 
Literature at King's College, late Fellow and Tutor of St. 
John's College, Cambridge. Crown 8vo. 2s. 



FRENCH, GERMAN, AND ENGLISH CLASS 

BOOKS. 

jForeign Claggics* 

A carefully edited series for use in schools, with English notes, 
grammatical and explanatory , and renderings of difficult idiomatic 
expressions. Fcap. 8vo, 

CHARLES XII. par Voltaire. Edited by L. Direy. 
Third edition^ revised, 3J. 6^. 

GERMAN BALLADS from Uhland, Goethe, and 

Schiller ; with Introductions, copious and biographical notices. 
Edited by C. L. Bielefeld. 3^. 6^. 

AVENTURES DE TELEMAQUE, par Fenelon. Edited 

by C. J. Delille. Second edition^ revised, 4$". dd, 

SELECT FABLES of La Fontaine. Edited by F. Gasc, 

New edition^ revised, 3J. 

PICCIOLA, by X. B. Saintine. Edited by Dr. Dubuc. 

Fourth edition^ revised, 3^. 6^. 

SCHILLER'S Wallenstein. Complete Text, comprising 

the Weimar Prologue, Lager, Piccolomini, and Wallenstein's 
Tod. Edited by Dr. A. Buchheim, Professor of German 
in King's College, London. Revised edition, 6s, 6d, Or the 
Lager and Piccolomini, 3^. 6d. Wallenstein's Tod, y. 6d, 

Maid of Orleans; with English Notes by Dr. 

Wilhelm Wagner, Editor of Plato, Plautus, &c, and Translator 
of Teuffel's ** History of Roman Literature." ^s, 6d, 

GOETHE'S HERMANN AND DOROTHEA. With 

Introduction, Notes, and Arguments. By E. Bell, B.A., 
Trinity College, Cambridge, and E. Wolfel. 2s, 6d, 
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BREBNER (W.) Twenty Lessons in French. With 
double vocabulary giving the pronunciation of French words, 
notes, and appendices. By W. Brebner. Post 8vo. 4J. 

CLAPIN (A. C.) French Grammar for Public Schools. 

By the Rev. A. C. Clapin, M. A., St. John's College, 
Cambridge, and Bachelier-^s-lettres of the University of 
France. Fcap. 8vo. Second edition greatly enlarged, 2s, 6d. 
Or in two parts separately. Part I. Accidence, 2s, Part II. 
Syntax, is, 6d, 

GASC (F. E. A.) First French Book; being a New, 

Practical, and Easy Method of Learning the Elements of the 
French Language. Fcap. 8vo. New edition, is, 6d, 

Second French Book ; being a Grammar and 

Exercise Book, on a new and practical plan, and intended as a 
sequel to the ** First French Book." Ntw edition, Fcap. Svo. 
2s, 6d, 

Key to First and Second French Books. Fcap. 

8vo. 3J. 6d, 

French Fables, for Beginners, in Prose, with an 

Index of all the Words at the end of the work. New edition, 
i2mo. 2s, 

Select Fables of La Fontaine. IVew edition^ revised, 

Fcap. 8vo. 3J. 

Histoires Amusantes et Instructives ; or, Selec- 
tions of Complete Stories from the best French modem 
authors, who have written for the young. With English 
notes. New edition, Fcap. 8vo. 2j. (>d, 

Practical Guide to Modem French Conversa- 
tion : containing : — I. The most current and, useful Phrases in 
Every-day Talk; II. Everybod/s Necessary Questions and 
Answers in Travel-Talk. Fcap. Svo. 2s, 6d, 

French Poetry for the Young. With English 

Notes, and preceded by a few plain Rules of French Prosody, 
Fcap. 8vo. 2s. 

Materials for French Prose Composition ; or, 



Selections from the best English Prose Writers. With copious 
foot notes, and hints for idiomatic renderings. New edition, 
Fcap. 8vo. 4J. 6d, Key, 6s. 

— Prosateurs Contemporains ; or, Selections in 

Prose chiefly from contemporary French literature. With 
English notes. i2mo. 5^. 



98 



George Bell and Sons' 



GASC (F. E. A.) Le Petit Compagnon ; a French Talk- 
Book for Little Children. i6mo. 2s, 6d, 



— An Improved Modem Pocket Dictionary of the 

French arid English Languages; for the every-day purposes 
of Travellers and Students. Containing more than Five Thou- 
sand modem and current words, senses, and idiomatic phrases 
and renderings, not found in any other dictionary of the two 
languages. A new edition with additions and corrections, 
i6mo. Cloth, 4J. 

Modem French and English Dictionary, with 



upwards of Fifteen Thousand new words, senses, &c, hitherto 
unpublished. Demy 8vo. 15 J. 

GOMBERT (A.) The French Drama ; being a Selection 

of the best Tragedies and Comedies of Moli^re, Racine, P. 
Comeille, T. Corneille, and Voltaire. With Ailments in 
English at the head of each scene, and notes, critical and 
Explanatory, by A. Gombert. Sold separately at u. each. 

Contents. 



MOLIERE : 



* Le Misanthrope. 

*L'Avare. 

*Le Bourgeois Gentilhomme. 

•Le Tartuffe. 

Le Malade Imaginaire. 

Les Femmes Savantes. 

Les Fourberies de Scapin. 



Les Precieuses Ridicules. 
L'Ecole des Femmes. 
L'Ecole des Maris. 
Le Medecin malgre Lui. 
M. de Pourceaugnac. 
Amphitryon. 



Racine : 


La Thebaide, ou les Fr^res 


Bajazet. 


Ennemis. 


Mithridate. 


Alexandre le Grand. 


Iphig^nie. 


Andromaque. 


Phedre. 


Les Plaideurs. 


Esther. 


Britannicus. 


♦Athalie. (In the ^ 


Berenice. 




P. Corneille: 


Le Cid. Horace, 


Polyeucte. 


Cinna. 


Pompee. 


T. Corneille : 


Ariane. 


Voltaire : 


Brutus. Zaire. 


Merope. 


Alzire. Orestes. 


La Mort de Cesar. 


Le Fanatisme. 


Semiramis. 



* ^ew Editions of those maiVed vi\\\v an asterisk have lately been issued, 
carefully revised by the Rev. >N. UoXme^ axv^ '»., Ci^ac* Fcap. 8vo. Neatly 
bouod in cloth, u. each. O0:v%isvriV\lo\\o^« 
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LE NOUVEAU TRESOR : or, French Student's Com- 
panion ; designed to facilitate the Translation of English into 
French at Sight. By M. E. S. Sixteenth edition, Fcap. 8vo. 

Contents : — Grammatical Introduction, 100 Lessons, Voca- 
bulary. Conversational Sentences, Alphabetical Arrangement 
of the Verbs. General Table of Rdferencc. 

*SV!^also " Foreign Classics," p. 96. 



German Class ^oo&s. 

BUCHHEIM (Dr. A.) Materials for German Prose 
Composition ; consisting of Selections from Modem 
English writers, with grammatical notes, idiomatic ren- 
derings of difficult passages, and a general introduction. By 
Dr. Buchheim, Professor of German Language and Literature 
in King's Collie, and Examiner in German to the London 
University. Third edition^ revised, Fcap. 4X. dd. 

In this edition the notes in Part I. have been entirely revised 
and increased in accordance with the suggestions of experienced 
teachers. 

CLAPIN (A. C.) A German Grammar for Public 

Schools. By the Rev. A. C. Clapin, Compiler of a French 
Grammar for Public Schools, assisted by F. HoU-MUller, Assis- 
tant Master at the Bruton Grammar School. Fcap. 25, 6d, 

KOTZEBUE. Der Gefangene (the Prisoner). Edited, 

with English Notes Explanatory and Grammatical, by Dr. W. 
Stromberg. The first of a selection of German Plays, suitable 
for reading or acting, is, 

See^ho "Foreign Classics," p. 96. 
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ADAMS (Dr. E.) The Elements of the English 
Language. By Ernest Adams, Ph. D. Thirteenth edition. 
Post 8vo. 4J. 6d, 

The Rudiments of English Grammar and Analysis. 

New edition^ enlarged, Fcap. 8vo. 2s, 

MASON (C. p.) First Notions of Grammar for Young 

Learners. By C. P. Mason, B. A., Fellow of University 
College, London. Fcap. 8vo. Cloth, %d, 

First Steps in English Grammar, for Junior Classes. 

Demy iSmo. New edition^ enlarged, is, 

Outlines of English Grammar for the use of Junior 

Classes. Cloth, is, 6d, 

English Grammar : including the Principles of Gram- 
matical Analysis. Nineteenth edition^ with a new Et)rmological 
Appendix. Post 8vo. 3j. (yd, 

The Analysis of Sentences applied to Latin. Post 

8vo. 2J. 6rf. 



— Analytical Latin Exercises : Accidence and Simple 

Sentences, Composition and Derivation of Words, and Com- 
pound Sentences. Post 8vo. y, 6d. 

— The First Two Books of Euclid explained to Begin- 
ners. Second edition, Fcap 8vo. 2s, 6d, 

Edited for Middle-Class Examinations, 

With notes on the Analysis and Parsing, and explanatory 

remarks. 

— Milton's Paradise Lost, Book I. With a Life of 

Milton. Third edition. Post 8vo. 2s, 

— Milton's Paradise Lost. Book II. With a Life of 

the Poet. Second edition. Post 8vo. 2s, 

— Milton's Paradise Lost. Book III. With a Life 



of Milton. Post 8vo. 2s, 

Goldsmith's Deserted Village. With a Short Life 
of the Poet. Post 8vo. is, 6c^. 
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MASON (C. P.) Cowper's Task. Book II. With an 

Outline of the Poet's Life. Post 8vo. 2j. 

Thomson's " Spring." With a short Life. Post 8vo. 



25, 

- Thomson's "Winter." With short Life. PostSvo. 25. 



MENET (J.) Practical Hints on Teaching. Containing 

Advice as to Organization, Discipline, Instruction, and Prac- 
tical Management. By the Rev. John Menet, M. A. Perpetual 
Curate of Hockerill, and late Chaplain of the Hockerill Train- 
ing Institution. Fourth edition. Containing in addition Plans 
of Schools which have been thoroughly tested, and are now being 
adopted in various localities. Crown 8yo. Cloth, 2s, 6d, ; 
paper cover, 2s, 

TEST LESSONS IN DICTATION, for the First 

Class of Elementary Schools. This work consists of a series 
of extracts, carefully selected with reference to the wants of the 
more advanced pupils ; they have been used successfully in 
many Elementary Schools. The book is supplementary to the 
exercises given in the "Practical Hints on Teaching." Paper 
cover, IS, 6d, 

SKEAT (W. W.) Questions for Examinations in English 
Literature ; with a Preface containing brief hints on the 
study of English. Arranged by the Rev. W. W. Skeat, late 
Fellow of Christ's College. 2j. 6d, 

This volume will be found useful in preparing for the various 
public examinations, in the universities, or for government 
appointments. 

DELAMOTTE (P. H.) Drawing Copies. By P. H. 
Delamotte, Professor of Drawing in King's College and School, 
London. Containing 48 outline and 48 shaded plates. Oblong 
8vo. I2s, ; sold also in parts at is, each. 

This volume contains forty-eight outline and forty-eight 
shaded plates of architecture, trees, figures, fragments, land- 
scapes, boats, and sea-pieces. Drawn on stone by Professor 
Delamotte. 

POETRY for the School Room. New edition. Fcap. 

8vo. IS, 6d, 

GATTY (MRS.) Select Parables from Nature, for Use 
in Schools. By Mrs. Alfred Gatty. Fcap. 8va Cloth, is. 
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SCHOOL RECORD for Young Ladies' Schools; a 

useful form of Register of Studies and Conduct, dd, 

GEOGRAPHICAL TEXT-BOOK; a Practical Geo- 
graphy, calculated to facilitate the study of that useful science, by 

a constant reference to the Blank Maps. By M. E . . . S 

i2mo. 2s, 

II. The Blank Maps done up separately. 4to. 2j, 
coloured. 

JOHNS (C. A.) A First Book of Geography. By the 

Rev. C. A. Johns, B. A., F.L.S., Author of ''Botanical Ram- 
bles," "Flowers of the Field," &c. Illustrated. i2mo. 2j. 6^. 

LOUDON (Mrs.) Illustrated Natural History. New 

edition. Revised by W. S. Dallas, F. L. S. With nearly 500 
Engravings, *js, 

Handbook of Botany. Newly Edited and greatly 

enlarged by David Wooster. Fcap. 2j. (>d, 

HAYVVARD. The Botanist's Pocket-Book, containing 

in a tabulated form, the Chief Characteristics of British Plants, 
with the botanical names, soil or situation, colour, growth, 
and time of flowering of every plant, arranged imder its own 
order ; with a Copious Index. By W, R. Ha3nyard. Crown 
8vo. Cloth limp, 45. 6d, 

STOCKHARDT. Experimental Chemistry, founded on 

the Work of Dr. Julius Adolph Stockhardt. A hand-book 
for the study of the science by simple experiments. By C. W. 
HeatOB, Professor of Chemistry in the Medical School of 
Charing Cross Hospital. Post 8vo. 5^'. 

BONNEY (T. G.) Cambridgeshire Geology. A Sketch 

for the use of Students. By T. G. Bonney, F.G.S., &c.. Tutor 
and Lecturer in Natural Science, St. John's ColL Cambridge. 
8vo. 3J. 

FOSTER (B. W.) Double Entry Elucidated. By B. 
W. Foster. Seventh edition, 4to. 8j. 6d, 

CRELLIN (P.) A New Manual of Book-keeping, com- 
bining the Theory and Practice, with Specimens of a set 
of Books. By Phillip Crellin, Accountant. Crown 8vo. jj. 6d, 

This volume will be found suitable for merchants and all 
classes of traders : besides giving the method of double entry, . 
it exhibits a system which combines the results of double entry 
without the labour 'wHch it involves. 
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PICTURE SCHOOL BOOKS. Written in simple language, and 
with numerous illustrations. Royal i6mo. 

SCHOOL PRIMER. (>d. 

SCHOOL READER. By J. Tilleard, Hon. Member of and 
Examiner to the College of Preceptors. Numerous Illustrations, u . 

POETRY BOOK FOR SCHOOLS, u. 

THE LIFE OF JOSEPH. \s. 

THE SCRIPTURE PARABLES. By the Rev. J. E. 
Clarke. \s, 

THE SCRIPTURE MIRACLES. By the Rev. J. E. 
Clarke. \s. 

THE NEW TESTAMENT HISTORY. By the Rev. 
J. G. Wood, M.A. w. 

THE OLD TESTAMENT HISTORY. By the Rev. J. 
G. Wood, M.A ij. 

THE STORY OF BUNYAN'S PILGRIM'S PRO- 
GRESS. \s. 

THE LIFE OF CHRISTOPHER COLUMBUS. By 
Sarah Crompton. \s% 

THE LIFE OF MARTIN LUTHER. By Sarah Cromp- 
ton. IS. 

GRANT. Course of Instruction for the Young, by the late Horace 
Grant. 

Arithmetic for Young Children. A Series of Exercises ex- 
emplifying the manner in which Arithmetic should be taught to Young 
Children. \s. 6d, 

Arithmetic. Second Stage. For Schools and Families, 
exemplifyinjp^ the mode in which Children may be led to discover the main 
principles of Figurative and Mental Arithmetic. x8mo. 3^. 

Exercises for the Improvement of the Senses, and providing 
instruction and amusement for Children who are too young to learn to read 
and write. i8mo. is. 

Geography for Young Children. With Illustrations for 
Elementary Plan Drawing. i8mo. 2s. 

These are not class-books, but are especially adapted for use by teachers 
who wish to create habits of observation in their pupils and to teach them 
to think. 

BOOKS FOR YOUNG READERS. In Eight Parts. Limp 
Cloth. Zd. each ; or extra binding, xs. each. 

Part I. contains simple stories told in monosyllables of not more than four 
letters, which are at the same time sufficienuy interesting to preserve the 
attention of a child. Part II. exercises the pupil by a similar method in 
slightly longer ^ easy words ; and the remaining parts consist of stories 
graduated in difficulty, until the learner is taught to read with ordinary 
facility. 
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For Schools and Parochial Libraries, 

The popularity wliich the Series of Reacling-Books, known as 
*' Books for Young Readers,*' has attained is a sufficient proof that 
teachers and pupils alike approve of the use of interesting stories 
with a simple plot in place of the dry combinations of letters and 
syllables, making no impression on the mind, of which elementary 
reading-books generally consist. There is also practical testimony 
to the fact that children acquire the power of reading much more 
rapidly when the process involves something more than the mere 
mechanical exercise of the faculties of sight and memory. 

The publishers have therefore thought it advisable to extend the 
application of this principle to books adapted for more advanced 
readers ; *and to issue for general use in schools a series of popular 
works which they venture to think will in practice be found more 
adapted for the end in view than the collections of miscellaneous 
and often uninteresting extracts which are generally made to serve 
the purpose. 

These volumes will be printed in legible type, and strongly boimd 
in cloth, and will be sold at ix. or \s, 6d, each, post 8vo. 

The first of the series, viz. Captain Marry at's MASTERMAN 
READY, which was written expressly for young people, is now 
ready, condensed, price is, Gd. ; suso, 

Mrs. Gatty^s PARABLES FROM NATURE (selected), 
foolscap, 8vo., price is. 

The following are in preparation : — 
ROBINSON CRUSOE. 

OUR VILLAGE. By Miss Mitford (selections). 
GRIMM'S GERMAN TALES. „ 

ANDERSEN'S DANISH TALES. 
FRIENDS IN FUR AND FEATHERS. 



CHISWICK PRESS :— ?RlHTEli V* VJHYTtWGHAM AND WILKINS, 
TOOKS COUUT, CHK8C1SLN \AU«., 
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